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Abstract
We study ten-dimensional supersymmetric vacua with NSNS non-geometric fluxes, in the
framework of β-supergravity. We first provide expressions for the fermionic supersymme-
try variations. Specifying a compactification ansatz to four dimensions, we deduce internal
Killing spinor equations. These supersymmetry conditions are then reformulated in terms of
pure spinors, similarly to standard supergravity vacua admitting an SU(3)ˆSU(3) structure
in Generalized Complex Geometry. The standard d´H^ acting on the pure spinors is traded
for a generalized Dirac operator D, depending here on the non-geometric fluxes. Rewriting
it with an exponential of the bivector β leads us to discuss the geometrical characterisation
of the vacua in terms of a β-twist, in analogy to the standard twist by the b-field. Thanks to
D, we also propose a general expression for the superpotential to be obtained from standard
supergravities or β-supergravity, and verify its agreement with formulas of the literature. We
finally comment on the Ramond-Ramond sector, and discuss a possible relation to interme-
diate or dynamical SU(2) structure solutions.
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1 Introduction and main results
An important problem in string phenomenology is the presence of massless, unobserved,
scalar fields in four-dimensional effective theories derived from string theory: the moduli.
Considering fluxes in the ten-dimensional background on which one compactifies usually helps,
since they contribute to the four-dimensional potential and can thus stabilise moduli. A
motivation to study non-geometric fluxes is the hope of using them for the same purpose: they
were shown in several examples to stabilise moduli or to lead to de Sitter vacua [1, 2, 3, 4, 5,
6, 7, 8, 9, 10]. These fluxes initially appeared in four-dimensional gauged supergravities: they
correspond to some gaugings or components of the embedding tensor [11, 12, 13]. However,
they cannot be obtained by a compactification from a standard supergravity. They are rather
traditionally considered to descend from ten-dimensional non-geometric backgrounds [14, 12,
15]. Their derivation was clarified recently, at least for a class of backgrounds, thanks to the
formalism of β-supergravity [16, 17] (reviews on these ideas can be found in [18, 19, 20]). This
ten-dimensional local reformulation of standard supergravity has two important features: it
depends explicitly on non-geometric fluxes, giving them a manifest ten-dimensional origin, and
a non-geometric background of standard supergravity can be reformulated into a geometric
one of β-supergravity, allowing then for a compactification. Some vacua of four-dimensional
gauged supergravities with non-geometric fluxes thus get a clear ten-dimensional uplift. Now,
one can hope to find ten-dimensional backgrounds with non-geometric fluxes that would
stabilise moduli after compactification. In this paper, we are interested in supersymmetric
backgrounds of β-supergravity and their geometrical characterisation, as detailed below.
The NSNS sector of β-supergravity is obtained by the field redefinition (2.1) from the
standard supergravity metric gMN , b-field and dilaton φ to a new metric g˜MN , an antisym-
metric bivector βMN and a new dilaton φ˜. This is equivalent to parameterizing as in (2.2)
the generalized metric H with the generalized vielbein E˜ instead of E [19]. The new fields
allow to define ten-dimensional NSNS non-geometric Q- and R-fluxes in flat indices
QC
AB “ BCβ
AB ´ 2βDrAfBsCD , R
ABC “ 3βDrA∇Dβ
BCs , (1.1)
as in [21, 22, 23]. Building on [19, 24, 23], the Lagrangian and equations of motion for the
NSNS sector of β-supergravity were derived in terms of these fluxes in [16, 17]. A completion
of the theory to other sectors should be possible by further reformulating standard supergrav-
ities, as discussed in [16] (see here section 4.2 on RR fluxes). The theory is also expected to
retain symmetries of standard supergravities, such as supersymmetry (SUSY). But we do not
have so far the fermionic fields and their SUSY variations. Natural candidates for the latter
can nevertheless be derived from the Generalized Geometry formulation of β-supergravity,
obtained in [16]. For standard type II supergravities, it was noticed [25] that the SUSY varia-
tions of the gravitini ψ1,2M and dilatini λ
1,2 could be rephrased in terms of Spin(9,1)ˆSpin(1,9)
derivatives, as in (2.5). These spinorial derivatives are determined independently, applying
the Generalized Geometry formalism, and we derived them for β-supergravity. They allow
as well to reproduce the Lagrangian and the equations of motion, as was checked both for
standard and β-supergravity. We thus consider that they should play an analogous role in
both theories for the SUSY variations as well, and infer for fermions of β-supergravity
δψ˜
1,2
M “e˜
A
M
ˆ
∇A ˘ ηAD q∇D ´ 1
8
ηADηBEηCFR
DEFΓBC
˙
ǫ1,2 (1.2)
δρ˜1,2 “
ˆ
ΓA∇A ¯ Γ
AηAD q∇D ` 1
24
ηADηBEηCFR
DEFΓABC ´ ΓABAφ˜¯ Γ
AηABpβ
BCBC φ˜´ T
Bq
˙
ǫ1,2 ,
3
(only the NSNS contribution) with ρ˜1,2 ” ΓAψ˜1,2A ´ λ˜
1,2, and ǫ1,2 the SUSY fermionic pa-
rameters. The upper/lower sign refers to the first/second number (1/2), q∇A is a covariant
derivative whose spin connection depends on the Q-flux, and further notations are detailed
in the paper. These fermionic SUSY variations will be our starting point in what follows.
When looking for new vacua of a theory, SUSY is a useful tool that provides technical
simplifications. In addition, the conditions for a vacuum to preserve SUSY bring constraints
that characterise, in particular geometrically, the allowed backgrounds. One gets this way
information on the properties of the possible vacua. This motivates the present work for
β-supergravity. These features are well illustrated for standard ten-dimensional type II su-
pergravities in [26, 27] that we follow here. For a vacuum to preserve SUSY, the fermionic
SUSY variations should vanish. One further considers a compactification ansatz for the back-
ground: in particular the geometry is a warped product of a four-dimensional Minkowski
(Mink) or Anti de Sitter (AdS) space-time, and an internal six-dimensional manifoldM. The
conditions for SUSY are then decomposed accordingly. For (at least) N “ 1 SUSY in four
dimensions, the SUSY conditions were reformulated in [26] in terms of Generalized Complex
Geometry (GCG) [28, 29], into the pure spinors conditions (1.3) and (1.4). The mathemati-
cal framework of GCG provides interesting interpretations of the supergravity quantities and
leads to a geometrical characterisation ofM for a Mink SUSY vacuum: for µ “ 0 (µ is related
to the four-dimensional cosmological constant), the condition (1.3) indicates that M has to
be a twisted generalized Calabi-Yau (GCY). This generalizes the Calabi-Yau (CY) condition,
valid in absence of background fluxes. The pure spinors conditions are given by
eφ pd´H^q
´
e´φΦ1
¯
` e´2Adpe2Aq ^Φ1 “ 2ε e
´Aµ RepΦ2q (1.3)
eφ pd´H^q
´
e´φΦ2
¯
` e´2Adpe2Aq ^Φ2 “ 3ε e
´A i ImpµΦ1q ` e
´AdpeAq ^ Φ2 ` RR , (1.4)
with the flux H “ db, the warp factor e2A, the Ramond-Ramond contribution RR, and
IIA : Φ1 “ Φ` , Φ2 “ Φ´ , ε “ `1 , IIB : Φ1 “ Φ´ , Φ2 “ Φ` , ε “ ´1 . (1.5)
Φ˘ are pure spinors in GCG, they are in particular O(6,6) spinors, but can be viewed also as
polyforms: for example, a (simplified) expression is given for them in (1.17), in the case of an
SU(3) structure.1 In this paper, we follow the same procedure, described in [27], and derive
analogous pure spinors conditions for β-supergravity (including only the NSNS sector)
1
2
DΦ1 ` e
´2A
´
d` q∇a ¨ ιa¯ pe2AqΦ1 “ 2ε e´Aµ RepΦ2q (1.6)
1
2
DΦ2 ` e
´2A
´
d` q∇a ¨ ιa¯ pe2AqΦ2 “ 3ε e´A i ImpµΦ1q ` e´A ´d´ q∇a ¨ ιa¯ peAqΦ2 , (1.7)
where D is an important operator given in (1.10), and the other derivatives act only on the
warp factor. On the contrary to (1.3) and (1.4), the conditions (1.6) and (1.7) are necessary
but not sufficient to preserve SUSY, as shown in appendix B.3. This is probably due to the
1The conditions for a vacuum to preserve SUSY in various theories have been reformulated into analogues
of the pure spinors conditions, applying similar techniques to space(-time)s of dimension D (the external part
being Minkowski or Anti de Sitter). For type II and M-theory, such conditions were obtained for D from
11 down to 3 in [30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. Rewritings of the previous conditions were
worked-out in [42, 43, 44]. The heterotic case (N “ 1 Mink vacuum) was treated in [45]. Finally conditions
for type II Mink vacua were also written in terms of Exceptional Generalized Geometry (EGG) in [46, 47, 48].
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absence of a RR contribution. The latter is expected to be simply added to the right-hand
side (RHS) of (1.7), so the present work remains relevant.
The D obtained in the two conditions (1.6) and (1.7) turns out to be precisely the gen-
eralized Dirac operator computed in [17]. There, we considered D “ ΓADA where DA is the
Spin(d,d)ˆR` covariant derivative in a d-dimensional space-time [21, 49, 25, 50, 51, 52, 53],
and we chose for the Cliff(d,d) ΓA-matrices a representation as forms and contractions. The
generalized spin connection components were already determined in terms of fluxes in [16],
where we used the generalized torsion free condition [25] and further fixing, starting with
the generalized vielbein E˜ (2.2) for β-supergravity. Proceeding similarly with E for standard
supergravity, we derived in [17] both Dirac operators D acting on a form Ap
for standard supergravity: DAp “ 2e
φ pd´H^q
´
e´φAp
¯
(1.8)
“ 2 pBa ¨ e
a^´f ˛ ´H ^´dφ^qAp , (1.9)
for β-supergravity: DAp “ 2e
φ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Ap¯ (1.10)
“ 2
´
Ba ¨ e˜
a^`βabBb ¨ ιa ´ f ˛ ´Q ˛ `R_´dφ˜^`pq∇φ˜´ τq_¯Ap , (1.11)
where the tensor T and the quantity τ are defined around (2.9), the dot in the derivatives
indicates the action only on the form coefficient in flat indices, and the fluxes act with wedges
and contractions in flat indices as (see also appendix A)
H ^Ap “
1
3!
Habc e
a^ eb^ ec^Ap , R_Ap “
1
3!
Rabc ιa ιb ιcAp , (1.12)
f ˛Ap ”
1
2
f cab e˜
a^ e˜b^ ιcAp , Q ˛Ap ”
1
2
Qa
bc e˜a^ ιb ιcAp .
Remarkably, this Dirac operator D is appearing in the pure spinors conditions, both for stan-
dard supergravity in (1.3) and (1.4), and for β-supergravity in (1.6) and (1.7). A posteriori,
it looks natural, since D acts on O(d,d) spinors; for Mink (µ “ 0) with constant warp factor,
(1.3) and (1.6) can thus be interpreted as (generalized) Dirac equations. Although this result
was anticipated in [17], D was introduced there to study Bianchi identities (BI): D2 “ 0 was
shown to give BI of NSNS fluxes (together with a scalar condition) in absence of NS-branes.
We study further this Dirac operator and prove that it can be rewritten as
for standard supergravity: DAp “ 2e
φeb^dpe´b^e´φApq , (1.13)
for β-supergravity: DAp “ 2e
φ˜eβ_dpe´β_e´φ˜Apq , (1.14)
where β_ ” 1
2
βmnιmιn “
1
2
βabιaιb. Although (1.14) is a common guess, it has never been
derived explicitly; we prove it here in appendix C.1, obtaining first a helpful expression in
curved indices (C.4). In (1.14) as well as in the generalized vielbein E˜ (2.2), β plays a role
completely analogous to the b-field in (1.13) and E . The b-field there is responsible for a twist
from TM‘ T ˚M to the generalized tangent bundle ET of GCG, which can be viewed as a
gerbe [54]. The b-field is then subject to the cocycle conditions (see e.g. [25]), that can be
understood as global patching conditions, including b-field gauge transformations. We thus
suggest for β-supergravity a "β-twist" of the local TM‘T ˚M into the generalized cotangent
bundle ET˚ discussed in [16, 17]. Obtaining the analogous to the cocycle conditions is the
next step. We believe that this would be equivalent to characterising globally well-defined, i.e.
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geometric, backgrounds of β-supergravity, a point discussed in details in [17].2 The equations
derived in this paper should be considered on such backgrounds, otherwise just locally. A
class of such backgrounds has been identified in [17]: those admit isometries, and fields patch
by β-transforms (constant shifts of β along the isometries directions) and diffeomorphisms.
Three explicit examples in this class are known: the toroidal example, the exotic 522- or Q-
brane [55, 56, 57, 58, 53, 59, 60, 61], and the dynamical SU(2) structure solution of [62].3
The question is whether geometric backgrounds of β-supergravity exist beyond this class. We
come back to these ideas in section 4.1.
Finally, we further use the pure spinors conditions and the Dirac operator by looking at the
superpotential W . Inspired by the literature on superpotentials for N “ 1 four-dimensional
effective theories obtained from ten-dimensional standard supergravities, in presence of an
SU(3)ˆSU(3) structure, we propose (considering only the NSNS contribution)
W˜NS “
C
2
ż
M
xe´φ˜Φ01,D ImΦ
0
2y , (1.16)
for a constant warp factor. C is a constant, the Mukai product is defined in (3.7), and for an
SU(3) structure, the pure spinors are taken in the simple form
Φ0` “ e
iθ`e´iJ , Φ0´ “ iΩ . (1.17)
The formula (1.16) reproduces standard supergravities superpotentials, choosing the Dirac
operator (1.8) and the dilaton φ instead of φ˜. This proposal is then expected to give the
expressions to be obtained from β-supergravity. For the SU(3) structure (1.17) and the Dirac
operator (1.11), we check, provided a few more assumptions, that (1.16) reproduces formulas
in the literature containing non-geometric fluxes. We get a good agreement with expressions
of [63, 64, 65] in type IIA and IIB, corresponding to an O6-plane and an O3- or O7-plane,
while we obtain a new expression in the O5- or O9-plane (or heterotic) case. More details
and references, as well as a discussion, can be found in section 3.
The paper is organised as follows. The fermionic SUSY variations are obtained in section
2.1. The compactification ansatz and consequent SUSY conditions are presented in section
2.2, together with appendix B.1. The pure spinors conditions are derived and discussed
in section 2.3 and appendices B.2 and B.3. The work on the superpotential is presented
in section 3. The β-twist and related geometrical characterisation are discussed in section
4.1 and appendices C.1 and C.2. Finally, the β-twist leads to further ideas: RR fluxes for
β-supergravity are discussed in section 4.2, while a possible relation to intermediate and
dynamical SU(2) structure solutions is presented in section 4.3. Further directions to explore
are mentioned in section 5. Conventions and notations are detailed in appendix A.
2The GCG (or analogous) formulation of β-supergravity developed here, in particular the pure spinors
conditions and related geometrical characterisation of vacua, should for this reason help getting a better
handle on this ten-dimensional theory.
3A warped Mink non-geometric background of type IIB supergravity with dynamical SU(2) structure is
presented in [62]. It is obtained from M-theory through type I by a chain of dualities. The internal space is
locally a T 4{Z2 with complex coordinates z1 and w, fibered over a T
2 along z2. D7 or O7 are along the fiber,
whose directions are isometries. Performing the field redefinition (2.1) towards β-supergravity, one gets
ds˜2 “ e´
3ϕ
4 ds2Mink ` e
´
3ϕ
4 p|dw|2 ` |dz1|
2q ` e
3ϕ
4 |dz2|
2
, e
φ˜ “ e´
3ϕ
2 , β
z1w “ 2a z2 , β
z1w “ 2a z2 , (1.15)
with a a real constant and ϕp|z2|q. β patches with a β-transform in O(4,4), while the metric is that of D7
or O7 (provided the warp factor is the good one), so it patches accordingly. Note that for a constant ϕ, this
vacuum is the complex version of the toroidal example.
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2 From the supersymmetry variations to the pure spinors con-
ditions
2.1 Fermionic supersymmetry variations
We explained in the Introduction that β-supergravity is, in its current state, only formulated
in its NSNS (bosonic) sector. The field redefinition relating its fields to those of standard
supergravity is given by [19] (see [16, 17] for more details)
pg ` bq´1 “ pg˜´1 ` βq , e´2φ˜
a
|g˜| “ e´2φ
a
|g| , (2.1)
H “ ET I E “ E˜T I E˜ , E “
ˆ
e 0
e´T b e´T
˙
, E˜ “
ˆ
e˜ e˜β
0 e˜´T
˙
. (2.2)
Since β-supergravity is a local reformulation of standard supergravity (for instance, the La-
grangians of the two theories only differ by a total derivative), the existence of its super-
symmetric completion is expected. We nevertheless do not have an explicit formulation for
the latter, so we obtain here in an indirect way its fermionic SUSY variations. Some struc-
tures appearing in the Generalized Geometry formalism and in Double Field Theory (DFT),
namely the Spin(9,1)ˆSpin(1,9) derivatives [66, 67, 68, 69, 25, 70] or generalizations, were
noticed to give these variations for standard supergravities (type II, heterotic and M-theory)
[25, 70, 71, 52, 72, 73, 74, 75, 76]. These derivatives enter further quantities of supergravity
(the Lagrangian, the equations of motion), and we have shown for the latter that the cor-
responding derivatives in β-supergravity played exactly the same role there [16, 17]. Thus,
as argued in the Introduction, we make the natural assumption that the derivatives give
analogously in β-supergravity the SUSY variations; this is what we now detail.
Type IIA and IIB standard supergravities have two pairs of chiral fermions; the NSNS
contribution to their SUSY variations is given by
δψ
1,2
M “e
A
M
ˆ
∇A ¯
1
8
HABCΓ
BC
˙
ǫ1,2 , (2.3)
δρ1,2 “ΓA
ˆ
∇A ¯
1
24
HABCΓ
BC ´ BAφ
˙
ǫ1,2 ,
where notations are defined in the Introduction and appendix A, and ǫ1,2 are the SUSY
fermionic parameters, while the upper, lower, sign refers respectively to the number 1, 2.
These conventions match those of [25], except for the ˘ there denoted 1, 2 here, and the
use here of flat indices. The above variations can be rephrased in terms of the following
Spin(9,1)ˆSpin(1,9) derivatives
DAǫ
2 “
ˆ
∇A `
1
8
H
ABC
ΓBC
˙
ǫ2 , (2.4)
D
A
ǫ1 “
ˆ
∇
A
´
1
8
H
ABC
ΓBC
˙
ǫ1 ,
ΓADAǫ
1 “
ˆ
ΓA∇A ´
1
24
HABCΓ
ABC ´ ΓABAφ
˙
ǫ1 ,
ΓAD
A
ǫ2 “
ˆ
ΓA∇
A
`
1
24
H
ABC
ΓABC ´ ΓAB
A
φ
˙
ǫ2 ,
7
where the indices A, A and spinors ǫ
1, ǫ2 are here related to each Spin group respectively.
One has [25]
δψ1M “ e
A
MDAǫ
1 , δψ2M “ e
A
MDAǫ
2 , (2.5)
δρ1 “ ΓADAǫ
1 , δρ2 “ ΓADAǫ
2 ,
using (A.10), and considering the vielbeins aligned. As explained previously, we consider
now the fermionic SUSY variations of β-supergravity to be given analogously by (2.5), where
we replace the vielbein e by e˜, the fermions ψ1,2M , ρ
1,2 by ψ˜1,2M , ρ˜
1,2, and use the following
derivatives determined in [16]
DAǫ
2 “
ˆ
∇A ´ ηAD q∇D ´ 1
8
ηADηBEηCFR
DEFΓBC
˙
ǫ2 , (2.6)
DAǫ
1 “
ˆ
∇A ` ηAD
q∇D ´ 1
8
ηADηBEηCFR
DEFΓBC
˙
ǫ1 ,
ΓADAǫ
1 “
ˆ
ΓA∇A ´ Γ
AηAD q∇D ` 1
24
ηADηBEηCFR
DEFΓABC ´ ΓABAφ˜´ Γ
AηABpβ
BCBC φ˜´ T
Bq
˙
ǫ1 ,
ΓAD
A
ǫ2 “
ˆ
ΓA∇
A
` ΓAη
AD
q∇D ` 1
24
η
AD
η
BE
η
CF
RDEFΓABC ´ ΓAB
A
φ˜` ΓAη
AB
pβBCB
C
φ˜´ T Bq
˙
ǫ2 ,
where the covariant derivatives ∇A and q∇A are defined in appendix A, and on spinors as
∇Aǫ “ BAǫ`
1
4
ωA
B
CηBDΓ
DCǫ , (2.7)
q∇Aǫ “ ´βABBBǫ` 1
4
qωACBηBDΓDCǫ , (2.8)
and qω is the spin connection of q∇, related to the Q-flux as in (B.6), that was denoted ωQ in
[16, 17]. The tensor T A “ ∇Bβ
AB often appears with the dilaton in β-supergravity, because
the above combination comes from the R` factor in the Generalized Geometry formalism
[16, 17]; later on we will use the following expression and notation
T A “ ´QB
BA `
1
2
βBCfABC , τ
A ” ´
1
2
βBCfABC . (2.9)
We refer to the Introduction and appendix A for more conventions. From (2.5) and (2.6), with
aligned vielbeins, we deduce the NSNS contribution to the fermionic SUSY variations of both
a type IIA and IIB β-supergravity: it is given by (1.2), that we repeat here for convenience
δψ˜
1,2
M “e˜
A
M
ˆ
∇A ˘ ηAD q∇D ´ 1
8
ηADηBEηCFR
DEFΓBC
˙
ǫ1,2 (2.10)
δρ˜1,2 “
ˆ
ΓA∇A ¯ Γ
AηAD q∇D ` 1
24
ηADηBEηCFR
DEFΓABC ´ ΓABAφ˜¯ Γ
AηABpβ
BCBC φ˜´ T
Bq
˙
ǫ1,2 .
2.2 Compactification ansatz and resulting conditions for a supersymmetric
vacuum
We now specify an ansatz for the fields, suited to the compactification of a ten-dimensional
background on a compact internal six-dimensional manifold M. Then, we will study the
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decomposition of the previous SUSY variations accordingly, and deduce conditions for a
SUSY vacuum. To start with, we consider the following ten-dimensional metric
ds˜2 “ e2Apyqg˜µνpxqdx
µdxν ` g˜mnpyqdy
mdyn , (2.11)
where Latin indices are the internal ones, and Greek indices are the four-dimensional ones;
e2A is the warp factor. The ten-dimensional vielbeins are then decomposed into
e˜A“αM“µ “ e˜
α
µ “ e
Apyqe˜ 9αµpxq , e˜
A“a
M“m “ e˜
a
mpyq . (2.12)
The ten-dimensional βAB is chosen a priori non-trivial only along the internal directions, i.e.
βαβ “ βαb “ βaβ “ 0 , βabpyq . (2.13)
This ansatz allows to compute the various components of the ten-dimensional fluxes f, Q, R,
and those of the spin connections ω and qω. This is detailed in appendix B.1.
We now turn to the spinors, in particular to the ten-dimensional SUSY parameters. In
agreement with the above metric, the Lorentz group and its spinorial representation is split
in two factors; ǫ1,2 should accordingly be decomposed on a basis of internal spinors. However,
we restrict ourselves to backgrounds with N “ 1 preserved SUSY in four dimensions, so
consider only one external spinor ζ`. We are then left with two internal spinors η
1,2
` , and the
decomposition is
IIA
#
ǫ1 “ ζ` b η
1
` ` ζ´ b η
1
´
ǫ2 “ ζ` b η
2
´ ` ζ´ b η
2
`
, IIB
#
ǫ1 “ ζ` b η
1
` ` ζ´ b η
1
´
ǫ2 “ ζ` b η
2
` ` ζ´ b η
2
´
, (2.14)
the distinction between the two theories coming from the chiralities denoted with ˘. The six-
dimensional and four-dimensional spinors are Weyl, and Euclidian respectively Lorentzian.
This implies the complex conjugations pηi`q
˚ “ ηi´ and pζ`q
˚ “ ζ´. We also consider η
i
`pyq
and ζ`pxq. The ten-dimensional spinors are Majorana-Weyl, hence real, as given by the sum
of the two terms in ǫi. The ten-dimensional Γ-matrices are decomposed similarly, in terms of
the six-dimensional γa and four-dimensional γα. The properties of the latter, together with
the components of the spin connections, allow to obtain the various components of the two
spinorial covariant derivatives ∇A and q∇A. This is detailed in appendix B.1.
Finally, let us further specify the external part: the four-dimensional space-time is chosen
maximally symmetric. The three possibilities (Mink, AdS and de Sitter) forbid to single out
a vector, implying Bαφ˜ “ 0 in the background. In addition, the four-dimensional covariant
derivative ∇αζ˘, generically decomposed on a spinor basis, is then at most given by
∇αζ˘ “
1
2
µ˘e
´Aηαβγ
βζ¯ . (2.15)
Let us comment on the coefficient. First, one can verify that ∇α carries a factor e
´A. Indeed,
starting with the coordinate derivative Bµ, the multiplication by e˜
µ
α brings such a factor; also,
one has ωα
β
γ “ e
´Aω 9α
9β
9γ . The matrices γ
α do not carry such a factor, since they satisfy the
Clifford algebra. So we get ∇α “ e
´A∇ 9α. This factor, manifest on the RHS of (2.15), then
carries the whole dependence on the internal coordinates. The generic µ˘ is thus restricted
to be a complex function of the external coordinates.4 For Mink and AdS (de Sitter does not
4µ˘ defined in (2.15) can a priori change according to the theory IIA or IIB, although we do not denote it
differently here. In [77], this quantity is related to the vacuum value of the superpotential, with a sign change
in between the theories. Here we will rather introduce the sign ε.
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allow to consider such a spinorial equation), the value |µ˘|
2 is actually known to be related
to the scalar curvature, i.e. to the cosmological constant.5 We thus restrict µ˘ to be complex
constants, differing at most by a phase. SUSY will impose µ` to be the complex conjugate
of µ´ ” µ.
We are now interested in vacua satisfying the compactification ansatz just described and
preserving N “ 1 SUSY. While not strictly necessary for SUSY, we make the additional
helpful assumption that the internal spinors ηi` are globally defined and non-vanishing. Given
a metric and an orientation onM, this further assumption reduces the structure group of the
tangent bundle, for one spinor to SU(3), and for two (i.e. not parallel) to SU(2). Requiring
the existence of such spinor(s), i.e. having a reduced structure group, is a useful topological
constraint allowing to consider equivalently specific globally defined forms on M. In GCG,
the structure group of TM ‘ T ˚M is reduced to SU(3)ˆSU(3) by the existence of globally
defined ηi`. This equivalently defines the pure spinors Φ˘ that can be viewed as polyforms
(sums of forms of different degrees), as described in section 2.3. In addition to this topological
condition, the spinors will have to satisfy differential conditions. These are derived from the
fermionic SUSY variations, that have to vanish in a SUSY background. We obtain these
conditions in the following, by setting (2.10) to zero and imposing in these equations the
above compactification ansatz (using as well material of appendix B.1).
We start with the vanishing variation of the gravitini (2.10): in type IIB, it gives on the
internal directions
ζ` b
ˆ
∇a ˘ ηad q∇d ´ 1
8
ηadηbeηcfR
defγbc
˙
η
1,2
` (2.16)
`ζ´ b
ˆ
∇a ˘ ηad q∇d ´ 1
8
ηadηbeηcfR
defγbc
˙
η
1,2
´ “ 0 ,
and in type IIA one should change the chirality on the η2. Projecting by chirality imposes
both lines to vanish. The two lines are also complex conjugate, so the only conditions are (in
type IIB) ˆ
∇a ˘ ηad q∇d ´ 1
8
ηadηbeηcfR
defγbc
˙
η
1,2
` “ 0 . (2.17)
On the external directions, we obtain in type IIBˆ
∇α b 1`
1
2
ηαβγ
βγp4q b γ
dBdA˘
1
2
ηαδγ
δγp4q b γ
cηcdβ
deBeA
˙
ǫ1,2 “ 0 (2.18)
ô
1
2
ηαβγ
βζ` b
´
µ´e
´Aη
1,2
´ ` pγ
dBdA˘ γ
cηcdβ
deBeAqη
1,2
`
¯
`
1
2
ηαβγ
βζ´ b
´
µ`e
´Aη
1,2
` ´ pγ
dBdA˘ γ
cηcdβ
deBeAqη
1,2
´
¯
“ 0 ,
5Using relations with superpotential and scalar potential, the equality 3|µ´|
2 “ ´Λ was derived in [77]. We
give here an alternative derivation. We use dotted flat indices for a purely external dependence; η
9α 9β and γ
9α
are the same as without dot, and are constant. On the one hand, from 4r∇ 9α,∇ 9βsζ` “ R 9α 9β 9γ 9δγ
9γ 9δζ`, one gets
using (A.10) and symmetry properties 2γ
9βr∇ 9α,∇ 9βsζ` “ ´R 9α 9βγ
9βζ`. On the other hand, using definitions of
∇, symmetry properties of ω, and rγ 9α, γ
9β 9γs “ 4η 9αr
9βγ 9γs, one shows ∇ 9αpγ
9βζ˘q “ γ
9β
∇ 9αpζ˘q. From this, (2.15)
and (A.10), one gets 2γ
9βr∇ 9α,∇ 9βsζ` “ 3µ`µ´η 9α 9βγ
9βζ`. With R4 “ 4Λ, we conclude 3µ`µ´ “ ´Λ.
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and for type IIA one should change the chirality of the η2. Again, both lines should vanish,
from which we deduce µ˚` “ µ´ ” µ. So the only conditions are (in type IIB)
µ η
1,2
´ ` e
Aγd pBdA˘ ηdcβ
ceBeAq η
1,2
` “ 0 . (2.19)
Note that having Mink (µ “ 0) is equivalent to a constant warp factor; this is due to the fact
we only have NSNS contributions.6 We finally turn to the variation δρ˜1,2 in (2.10). A few
computations, using in particular γαηαβγ
β “ 4, lead to
δρ˜1,2 “
˜
γα∇α b 1` γp4q b
1
24
ηadηbeηcfR
defγabc (2.20)
` γp4q b γ
a
´
∇a ` Bap2A´ φ˜q ¯ ηad q∇d ¯ ηadβdeBep2A` φ˜q ˘ ηadT d¯
¸
ǫ1,2
“ ζ` b
ˆ
2µ´e
´Aη
1,2
´ `
´ 1
24
ηadηbeηcfR
defγabc ` γa
´
∇a ` Bap2A´ φ˜q ¯ ηad q∇d ¯ ηadβdeBep2A` φ˜q ˘ ηadT d¯¯η1,2` ˙
` ζ´ b
ˆ
2µ`e
´Aη
1,2
` ´
´ 1
24
ηadηbeηcfR
defγabc ` γa
´
∇a ` Bap2A´ φ˜q ¯ ηad q∇d ¯ ηadβdeBep2A` φ˜q ˘ ηadT d¯¯η1,2´ ˙
for type IIB, while for type IIA one should change the chirality on the η2. Setting this
variation to zero imposes both lines to vanish, from which we deduce again µ˚` “ µ´ “ µ,
and the two lines are then complex conjugate. We are left with
2µ η1,2´ `e
A
´ 1
24
ηadηbeηcfR
defγabc`γa
´
∇a`Bap2A´φ˜q¯ηad q∇d¯ηadβdeBep2A`φ˜q˘ηadT d¯¯η1,2` “ 0 .
To summarize, the backgrounds of interest satisfy the above compactification ansatz and
admit an SU(3)ˆSU(3) structure. In addition, they verify in type IIB the following three
constraints, namely the SUSY conditions or Killing spinor equations
µ η
1,2
´ ` e
A
`
{BA˘ {βBA
˘
η
1,2
` “ 0 (2.21)
∇aη
1,2
` “
ˆ
¯ηad q∇d ` 1
8
ηadηbeηcfR
defγbc
˙
η
1,2
` (2.22)
{∇η1,2` “ ´2µe
´Aη
1,2
´ ´
´1
4
{R` {Bp2A´ φ˜q ¯ {q∇¯ {βBp2A` φ˜q ˘ {T ¯η1,2` , (2.23)
(for type IIA one should change the chirality on the η2) where we introduced the notations
{B “ γaBa , {∇ “ γ
a∇a , {βB “ γ
aηabβ
bcBc , {q∇ “ γaηab q∇b , {T “ γaηabT b , {R “ 1
6
ηadηbeηcfR
defγabc .
2.3 Supersymmetry conditions in terms of pure spinors
We now want to formulate the previous SUSY conditions using pure spinors Φ˘, for motiva-
tions discussed in the Introduction. To do so, we follow closely the procedure described in
the appendix of [27]. Φ˘ are defined at first as the following bispinors
Φ` “ η
1
` b η
2:
` , Φ´ “ η
1
` b η
2:
´ . (2.24)
6We reached the same conclusion in [16], using the equations of motion and a few more assumptions, such
as a constant dilaton. Here, it comes from SUSY.
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The product can be expressed thanks to the Fierz identity given in six dimensions by
η1` b η
2:
˘ “
1
8
6ÿ
k“0
1
k!
´
η
2:
˘ γak...a1η
1
`
¯
γa1...ak , (2.25)
where indices are lowered by the flat metric. In addition, the Clifford map relates antisym-
metric products of γ-matrices and differential forms
C “
ÿ
k
1
k!
Cpkqa1...ak e˜
a1 ^ . . .^ e˜ak ÐÑ {C “
ÿ
k
1
k!
Cpkqa1...akγ
a1...ak . (2.26)
Thanks to this map, the above pure spinors can be viewed as polyforms, i.e. sums of forms
of different degrees; note that Φ˘ in (2.24), expressed with the Fierz identity, should be
understood as slashed. Φ˘ are examples of Spin(6,6) spinors on TM‘ T
˚M, as considered
in GCG. Being bispinors, they are as well Spin(6)ˆSpin(6) spinors; similarly, they are pure
because they are built from two pure spinors (any spinor is pure in six dimensions). As
mentioned in the previous section, we require them to be globally defined, which reduces the
structure group of TM‘ T ˚M to SU(3)ˆSU(3). On the tangent bundle, this gets declined
into an SU(3) or an SU(2) structure group. For example, Φ˘ for an SU(3) structure are
given as polyforms in (3.3) in a simplified case. More details on such examples are provided
in section 3.1. The pure spinors are acted on by Cliff(6,6) Γ-matrices, from which one can
construct a chirality operator. Through the Clifford map, their chirality is simply related
to the degree of the forms, i.e. the summation runs only over forms of even, respectively
odd, degree, for positive, respectively negative, chirality. This is equivalent to the number of
γ-matrices, so via the Fierz identity, it is related to the chiralities of the ηi: Φ` or Φ´ is of
positive or negative chirality.
Reformulating the SUSY conditions on the ηi (2.21) - (2.23) as polyform equations on the
pure spinors essentially amounts to compute the exterior derivative
dΦ˘ ” e˜
a ^∇aΦ˘ . (2.27)
To do so, we write (2.27) with γ-matrices acting on the ηi, thanks to the Clifford map and the
bispinor expressions. We then use the above SUSY conditions, and finally rewrite the resulting
expression in terms of forms, using the Clifford map backwards. The whole procedure, with
the required properties of the Clifford map, are detailed in appendix B.2. Note the following
subtlety. We obtain at first expressions for dΦ˘ that are simpler than the final ones (1.6)
and (1.7). Establishing them only required to use (2.22) and (2.23), but not (2.21). This is
due to the absence of a RR contribution. We nevertheless follow further the procedure of [27]
for standard supergravity, and construct from (2.21) another form expression, that should be
given by the RR fluxes but is here vanishing. We add this quantity (as in [27]) to one of the
dΦ˘ obtained. This eventually results in (1.6) and (1.7), that we repeat here for convenience
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ1¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ1 “ 2ε e´Aµ RepΦ2q (2.28)
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ2¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ2 (2.29)
“ 3ε e´A i ImpµΦ1q ` e
´A
´
d´ q∇a ¨ ιa¯ peAqΦ2 ,
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where Φ1,2 and ε depend on the theory (1.5). The sign ε can be viewed as a change of µ in
between the two theories, see footnote 4.
Let us comment on these pure spinors conditions, and compare them to those of standard
supergravity given in (1.3) and (1.4). The NSNS sector of the two theories are known to
match for vanishing b and β. Here, one can verify that the pure spinors conditions do agree
in that case, which is a non-trivial check of our result. More generally, it is remarkable (and
another confirmation of our result) that the differential operator acting on the pure spinors
in both theories is precisely the Dirac operator D discussed in the Introduction. This was
anticipated in [17] where D was computed for the two theories, as given in (1.8) and (1.10).
This Dirac operator D “ ΓADA was obtained from the Spin(d,d)ˆR
` derivative DA for a
d-dimensional space-time [21, 49, 25, 50, 51, 52, 53, 16] and the Cliff(d,d) ΓA-matrices, for
which we took a representation as forms and contractions. Using the expressions of D in terms
of fluxes (1.9) and (1.11), the nilpotency D2 “ 0 was shown to give the Bianchi identities
of the NSNS fluxes [17]. Here, Φ1,2 being Spin(6,6) spinors, they are naturally acted on by
the Dirac operator in both theories, and the pure spinors conditions can be viewed as Dirac
equations (with RHS).
Let us now focus on the particular case of a Mink space-time (µ “ 0): it provides an
interesting characterisation of the background in standard supergravity, as discussed in the
Introduction. Here, (2.28) and (2.29) reduce to
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ1¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ1 “ 0 (2.30)
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜ReΦ2¯` e´A ´d` 3q∇a ¨ ιa¯ peAqReΦ2 “ 0 (2.31)
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜ ImΦ2¯` e´A ´3d` q∇a ¨ ιa¯ peAq ImΦ2 “ 0 . (2.32)
In contrast to standard supergravity, the warp factor terms can here not be factorised with
the dilaton, because of the sign in front of q∇ape2Aqιa. In other words, the condition (2.30)
cannot be written (in full generality) as a pure spinor closed under the Dirac operator D
of (1.10). We do not get the analogous to the GCY condition, but still have the analogous
to the generalized complex structure condition, as discussed in section 4. Since these warp
factor terms cannot be absorbed within D, they can be understood as a (new) effect due to
the compactification, that goes beyond the manifold M and the Spin(6,6)ˆR` structure of
D; they are reminiscent of the underlying ten dimensions. Nevertheless, in the particular case
of backgrounds for which βabBbA “ 0, e.g. when β is only non-zero along isometry directions
(see [17, 19] for related discussions), the warp factor terms can be factorised. We are then
back to a situation analogous to standard supergravity, where the pure spinors conditions are
expressed purely in terms of D (and RR). The corresponding background characterisation is
discussed in section 4.
The pure spinors conditions (2.28) and (2.29) have been derived using the three SUSY
conditions (2.21) - (2.23), meaning that the former are necessary for SUSY to be preserved
in the backgrounds considered. It is important to study whether they are also sufficient:
this would guarantee that a solution to (2.28) and (2.29) does preserve SUSY. In addition,
this would allow to trade solving Killing spinor equations for form equations, which is of
practical interest. Following the method of [27], we address this question in appendix B.3.
We conclude that (2.28) and (2.29) are not sufficient: they allow for a remaining freedom
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or ambiguity with respect to the SUSY conditions. However, we argue that this ambiguity
should be fixed in presence of RR fluxes. Moreover, the RR contribution is expected to simply
consist in an addition to the RHS of (2.29), in analogy to standard supergravity with (1.4).
Therefore, the results established in this paper remain useful, the discussion on the structures
appearing, such as the Dirac operator and the related background characterisation, is in any
case relevant.
3 The superpotential
In this section, we first come back to pure spinors defining an SU(3)ˆSU(3) structure and
discuss their properties. They allow to write down an expression for the NSNS part of the su-
perpotential obtained from standard supergravities, as reviewed. The appearance of the Dirac
operator leads us to propose a corresponding expression from β-supergravity, that includes
non-geometric fluxes. This proposal is compared to the literature and further discussed.
3.1 SU(3)ˆSU(3) structure pure spinors and standard N “ 1 superpoten-
tial
The pure spinors Φ˘ have been defined as bispinors (2.24) in terms of the internal spinors
η
1,2
˘ . For globally defined η
i
`, one gets an SU(3)ˆSU(3) structure group on TM‘ T
˚M (see
sections 2.2 and 2.3). The corresponding structure group of the tangent bundle then depends
on the two internal spinors: for η1` and η
2
` parallel, i.e. proportional, one gets an SU(3)
structure; otherwise one has an SU(2) structure. For the latter, the differential conditions
on the pure spinors impose to distinguish further two cases: for η1` and η
2
` orthogonal, i.e.
related by a gamma matrix, one gets an orthogonal (or static) SU(2) structure; if the two
spinors are neither parallel nor orthogonal, one gets an intermediate SU(2) structure. If the
angle between the spinors is actually varying onM, one talks of a dynamical SU(2) structure.
We discuss more and provide references on these various cases in section 4.3.
Thanks to the Fierz identity and the Clifford map, the pure spinors can be viewed as
polyforms. The corresponding formulas for Φ˘ vary accordingly to the cases just mentioned:
the different expressions can be found e.g. in [78]. One has for an SU(3) structure
Φ` “
|a|2
8
eiθ`e´iJ , Φ´ “ ´ie
iθ´
|a|2
8
Ω , (3.1)
where J is a real (1,1)-form and Ω is a (3,0)-form, with respect to an almost complex structure.
These forms satisfy further conditions we will come back to; for a CY they are the Kähler
form and the holomorphic 3-form. |a| is related to the norm of the internal spinors; those are
taken here to be of the same norm, as is the case in presence of an orientifold plane. The
latter in turn further sets |a|2 “ eA, that we will also use. In the following we will consider
a constant warp factor and constant phases θ˘, as done for most of the formulas for the
superpotential in the literature. The orientifold when present then fixes the phase θ`, while
θ´ is left free (that phase is not physical) [79]. We thus choose for convenience θ´ “ π, while
θ` will be fixed as
O3 or O7 : eiθ` “ ˘i , O5 or O9 : eiθ` “ ˘1 , O6 : eiθ` is free. (3.2)
Note that O4- or O8-planes do not allow for an SU(3) structure. Also, for an O6-plane, eiθ`
is sometimes taken to be 1 in the literature. Given the fixing of these various parameters, we
14
will consider in the following the simpler SU(3) structure pure spinors (1.17)
Φ0` “ e
iθ`e´iJ , Φ0´ “ iΩ . (3.3)
With the above assumptions, the pure spinors conditions for SUSY in standard supergravity
(1.3) and (1.4) simplify to
eφ pd´H^q
´
e´φΦ01
¯
“ 2ε e´Aµ RepΦ02q (3.4)
eφ pd´H^q
´
e´φΦ02
¯
“ 3ε e´A i ImpµΦ01q ` RR . (3.5)
In general, two pure spinors Φ1 and Φ2 of GCG defining an SU(3)ˆSU(3) structure satisfy
some compatibility conditions. Those include conditions on the norms, that need not be
specified here, and the following
xΦ1, pv _`ξ^qΦ2y “ xΦ1, pv _`ξ^qΦ2y “ 0 , @pv ` ξq P TM‘ T
˚M , (3.6)
where the Mukai product is defined as taking the top (here six) form
xΨ1,Ψ2y “ Ψ1 ^ λpΨ2q|top , (3.7)
and λ brings a sign by reversing all the form indices. The compatibility condition (3.6) can
also be formulated with matrices ΓA. In the case of an SU(3) structure, this leads to the
condition
J ^ Ω “ 0 , (3.8)
which can also be understood from the almost complex structure.
We now turn to the superpotential for which we will use the various properties just
described. The superpotential W of the N “ 1 four-dimensional effective theory obtained
from standard ten-dimensional supergravities has been formulated in terms GCG pure spinors:
this was done for an SU(3) structure [80, 81] (see also [82]), and then for an SU(3)ˆSU(3)
[83, 77, 84] (see also [85] for a uniform presentation; note the last three references contain
warp factors). Up to the RR contribution, this superpotential can be written for a constant
warp factor as
WNS “ C
ż
M
xΦ01, pd´H^q
´
e´φ ImΦ02
¯
y , (3.9)
with a constant C and the Mukai product defined in (3.7). Let us comment on this expression.
For a supersymmetric Mink vacuum without RR, pd´H^q
`
e´φ ImΦ02
˘
vanishes; in case RR
are present, their contribution to the superpotential is also precisely the one that cancels
(3.5). So the formula (3.9) gives W “ 0 as expected. Another way to see this is to use [27]ż
M
xΨ1, pd´H^qΨ2y “
ż
M
xpd´H^qΨ1,Ψ2y , (3.10)
to rather get pd´H^qΦ01: the other condition (3.4) makes again the superpotential vanish
for a Mink vacuum, up to a derivative of the dilaton. This last derivative should however not
contribute because of the compatibility condition (3.6), as we will see below.7 Finally, for
an AdS vacuum, one gets from (3.4) or (3.5) that W is related to µ, so to the cosmological
constant, as expected [77]. Let us mention as well that WNS can be rewritten without H
but with e´b on both pure spinors, thanks to (1.13), leading for an SU(3) structure to the
standard Jc “ b` iJ combination.
7Note also that a constant warp factor typically leads to a constant dilaton in the (SUSY) vacuum.
15
3.2 Proposed superpotential and comparison to the literature
The formula (3.9) was extended in [2, 64, 84] to include non-geometric fluxes. Perform-
ing a dimensional reduction, these papers further compared their W to corresponding four-
dimensional superpotentials expressed in terms of moduli [11, 63]. To includeQ- and R-fluxes,
the idea was to replace d´H^ by a more general derivative operator, such as the D7 of [64]
discussed in details in [17]. So we naturally propose here for the (NSNS) superpotential (with
constant warp factor)
W˜NS “
C
2
ż
M
xe´φ˜Φ01,D ImΦ
0
2y , (3.11)
as already mentioned in (1.16); D is the Dirac operator discussed previously. Picking for
the latter the standard supergravity one (1.8), the general formula (3.11) reproduces the
standard W (3.9). Doing the same in β-supergravity leads to an expression for W with
non-geometric fluxes. A difference with previous papers is that Q and R have here a ten-
dimensional interpretation. We now compute this superpotential more explicitly for an SU(3)
structure, and compare our results to formulas of the literature.
We use the expression (1.11) for the Dirac operator in β-supergravity, and the various
definitions. We also consider that the coefficients in flat indices of the SU(3) structure forms,
Jab and Ωabc, do not depend on internal coordinates: these coefficients are usually replaced
by moduli, that only have a four-dimensional dependence. Finally, we recall that J is a real
two-form. In type IIB, we obtain at first
W˜NS “ iC
ż
M
e´φ˜
´
cθ f ˛ J `
sθ
2
Q ˛ pJ ^ Jq `
cθ
3!
R_ pJ ^ J ^ Jq (3.12)
` cθ dφ˜^ J `
sθ
2
pτ ´ q∇φ˜q _ pJ ^ Jq¯^ Ω ,
with cθ “ cospθ`q, sθ “ sinpθ`q. More explicitly,
f ˛ J “
1
2
f cabJce e˜
a^ e˜b^ e˜e (3.13)
1
2
Q ˛ pJ ^ Jq “
1
2
Qa
bc
ˆ
1
2
JcbJef ´ JceJbf
˙
e˜a^ e˜e^ e˜f
1
3!
R_ pJ ^ J ^ Jq “
1
2
Rabc
ˆ
1
2
JcbJaeJfg ´
1
3
JceJbfJag
˙
e˜e^ e˜f^ e˜g
1
2
pτ ´ q∇φ˜q _ pJ ^ Jq “ 1
2
ˆ
´
1
2
βbcfabc ` β
abBbφ˜
˙
JaeJfg e˜
e^ e˜f^ e˜g .
The last equation indicates that pτ´ q∇φ˜q_pJ^Jq is proportional to J . This implies that the
second row of (3.12) is proportional to J^Ω. Requiring an SU(3) structure, i.e. enforcing the
compatibility condition (3.8), then makes this second row vanish.8 Note this property needs
to remain true despite the moduli fluctuations. Using further (3.8), only some terms remain
8This reasoning could be generalized to a generic SU(3)ˆSU(3) structure with the condition (3.6), allowing
to discard the dilaton terms, or more precisely the terms due to the R` factor. The corresponding terms at
the level of DFT are also truncated in [65] thanks to another argument: the orientifold projection, considered
odd on the winding. Interestingly, we do not need this projection so far here.
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from the Q- and R-fluxes contributions: we get effectively the following reduced actions
1
2
Q ˛r pJ ^ Jq “ ´
1
2
Qa
bcJceJbf e˜
a^ e˜e^ e˜f (3.14)
1
3!
R_r pJ ^ J ^ Jq “ ´
1
3!
RabcJceJbfJag e˜
e^ e˜f^ e˜g . (3.15)
Finally, let us distinguish between the possible phases according to the choice of orientifold.
Note that the notion of orientifold is not really defined in the context of β-supergravity, since
the RR sector has not been studied so far; the distinction between O3, O7, and O5, O9,
should then be viewed more formally as a choice on the phase θ`.
9 Absorbing the possible
minus sign of (3.2) in a redefinition of C, we get
O3 or O7: W˜NS “ iC
ż
M
e´φ˜
ˆ
1
2
Q ˛r pJ ^ Jq
˙
^ Ω , (3.16)
O5 or O9: W˜NS “ iC
ż
M
e´φ˜
ˆ
f ˛ J `
1
3!
R_r pJ ^ J ^ Jq
˙
^ Ω . (3.17)
Let us compare these formulas to those in the literature. The first superpotential with non-
geometric fluxes was proposed in [11] based on duality arguments, and was given in terms of
moduli (STU model). This expression was recovered in [63] for type IIB with an O3-plane
from an expression in terms of internal forms; we compare the latter to our (3.16). Forgetting
about the H-flux, we find an exact agreement, fixing C “ ´1
3
. The same type of contraction
as Q˛ appears in the superpotential of [63], as well as in [65]. For the case of an O5- or
O9-plane, we have not found in the literature an expression in terms of forms to be compared
to our (3.17); this expression is then new to the best of our knowledge. It could be used as
well for heterotic (see footnote 9). One should still perform the expansion and integration on
a form basis to get the expression in terms of moduli. This is however beyond the scope of
this paper. From T-duality arguments, our expression (3.17) looks in any case very plausible.
We now turn to type IIA, that should be compared in the literature to the case of an
O6-plane. Our formula (3.11) leads to a DReΩ. This quantity however does not appear in
the literature, except in [80] but without non-geometric fluxes, and in [84] where it is only
implicitly proposed. On the contrary, D is rather acting on Φ0` in [63] and [64]. Such a
situation could only be reached after integrating by parts with D, similarly to (3.10). While
the latter holds for standard supergravity thanks to the absence of boundary on the compact
M and the H-flux acting with a wedge, the analogous result for D in β-supergravity is not
obvious to derive, because of the contractions on forms. A proof might still be obtained using
the specific form (1.14) of D, or that D, a Dirac operator, acts on pure spinors, or comparing
expressions of the superpotential in terms of moduli. In any case, let us assume here that
this property holds, i.e. ż
M
xΨ1,DΨ2y “
ż
M
xDΨ1,Ψ2y , (3.18)
allowing us to start in type IIA with
W˜NS “
C
2
ż
M
xDpe´φ˜Φ01q, ImΦ
0
2y . (3.19)
9The O5, O9, case is also sometimes discussed, in the literature on superpotentials, with heterotic, as the
two are simply related by S-duality.
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Pursuing the same reasoning as in type IIB, we derive from (3.19)
W˜NS “ ´e
iθ`C
ż
M
e´φ˜
´
i f ˛ J `
1
2
Q ˛r pJ ^ Jq `
i
3!
R_r pJ ^ J ^ Jq
¯
^ ReΩ . (3.20)
This formula agrees completely with the proposal of [64], up to fixing C. The same goes for
the comparison to [65], up to a redefinition of Ω, and a conventional minus sign difference in
the R-flux. Finally, our formula agrees with that of [63], up to C and numerical factors in
the contractions.
The comparison of our proposed W and formulas of the literature implicitly considers
that the ten-dimensional non-geometric fluxes of β-supergravity are the same as the four-
dimensional ones. This has worked well so far, but in type IIA, we did not reach formulas
with explicit moduli dependence.10 Indeed, a derivation of the moduli formula of [11] does not
seem to have been performed directly in the literature, its comparison to other expressions is
usually rather done thanks to duality arguments. In [65], an oxidation is made in type IIA,
instead of a reduction, and ends with a comparison and matching of the DFT Lagrangian of
[53]. Since β-supergravity fluxes (and Lagrangian) agree with the DFT ones, upon the strong
constraint and setting b “ 0 [16], we would conclude on a matching with [65]. In the latter
however is indicated a difference between ten-dimensional and four-dimensional fluxes, on the
contrary to what we have considered so far. This discrepancy might be related to the way
four-dimensional scalar fields, loosely called here moduli, are defined. Following STU models,
the authors of [65] include the fluctuation of the b-field in a modulus; in β-supergravity, we
would obviously not get such a modulus when expanding of our superpotential. It is unclear
whether the b-field modulus would simply be traded for us into a β modulus, because there
is actually no explicit dependence in β in (3.16), (3.17) and (3.20). An expansion of our
superpotential may then only include the geometric moduli and dilaton, and the comparison
should thus be done at that level. These points deserve in any case more study. Still, we
conclude that the general formula(s) proposed here for the superpotential, depending on the
Dirac operator, reproduces remarkably well expressions in the literature in terms of structure
forms and non-geometric fluxes.
4 Geometrical characterisation and more on the β-twist
For both standard and β-supergravity, the Dirac operator (1.8) or (1.10) can be rewritten in
terms of exponentials, either of the b-field (1.13) or of β (1.14). The rewriting of the former
is straightforward, and we prove the latter in appendix C.1; let us recall this result here
DA “ 2eφ˜eβ_dpe´β_e´φ˜Aq . (4.1)
As discussed in the Introduction, these exponentials can be viewed as twists on TM‘T ˚M,
already by looking at the generalized vielbein E or E˜ (2.2) corresponding to each theory. We
discuss this point in more details in the following, and argue how this is crucially related to the
geometrical characterisation of (SUSY) backgrounds of β-supergravity. We further elaborate
on the consequences of this β-twist, for the RR sector, and in relation to intermediate and
dynamical SU(2) structure solutions.
10Doing so would allow a comparison to [86, 87] where new non-geometric terms were obtained from M-
theory. They are however unlikely to be reproduced here, due to the assumption of an SU(3) structure.
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4.1 Geometrical characterisation of the backgrounds
Conditions for preserving SUSY usually provide a geometrical characterisation of the man-
ifold M, the prime example being the Calabi-Yau. As mentioned in the Introduction, the
formulation in terms of GCG [28, 29] has provided such a characterisation in presence of
background fluxes (see [27, 85] for reviews). We analyse in this section the situation for β-
supergravity. Let us first recall some terminology, and the results for standard supergravity.
To each pure spinor Φ (here of non-zero norm) corresponds a generalized complex structure
(GCS). Having a pure spinor satisfying
dΦ “ pv _`ξ^qΦ , (4.2)
for some pv ` ξq P TM‘ T ˚M is equivalent to its GCS being integrable: M is then gener-
alized complex. Furthermore, if Φ is closed, M is a generalized Calabi-Yau (GCY). Finally,
having a generalized Kähler manifold requires two distinct closed pure spinors. For standard
supergravity, a SUSY Mink background with H “ 0 asks for M to be a GCY [26, 27]: the
pure spinor e2A´φΦ1 in (1.3) is closed for µ “ 0 and H “ 0. In absence of RR fluxes, with
a constant warp factor, the second condition (1.4) further constrains to a generalized Kähler
manifold (reviews on this case can be found in [88, 89, 90]). The GCY characterisation was
proven useful, leading for instance to an extensive search for solutions on six-dimensional nil-
manifolds, as those are all GCY [91]. In presence of a closed H-flux, the corresponding b-field
induces a twist; a pure spinor closed under d´H^, as in (1.3) with µ “ 0, then characterises a
twisted GCY. The twist by the b-field can be seen through the rewriting d´H^ “ eb^de´b^,
or in the off-diagonal block of the generalized vielbein E (2.2), as discussed in the Introduc-
tion. It twists the local TM‘T ˚M into the, globally non-trivial, generalized tangent bundle
ET .
We now turn to β-supergravity and the pure spinors conditions (2.28) and (2.29), to study
whether an analogous characterisation can be obtained.11 We focus on the Mink case (µ “ 0)
and the first condition (2.28); the second one is expected to be corrected by a RR contribution.
We thus look at (2.30), written with the Dirac operator (4.1) as
DΦ1 “ ´4
´
dA^`q∇A_¯Φ1 . (4.3)
This equation is analogous to the case of a (b-twisted) integrable GCS, as in (4.2). As
mentioned in section 2.3, whenever q∇A “ 0, the warp factor can be absorbed in the LHS, to
get e2AΦ1 closed under D, precisely as for standard supergravity. We now consider this case
in more details, i.e.
DΦ “ 0 . (4.4)
This is the analogue to the b-twisted GCY condition. In the Dirac operator acting on the pure
spinor, the standard eb^ is here traded for eβ_, as given in (4.1), precisely as the corresponding
generalized vielbein E˜ (2.2) now has β in the (other) off-diagonal component. This can also
be understood when viewing these exponentials as O(d,d) elements acting in the spinorial
representation on the spinors, with ΓA given by forms and contractions, while E and E˜ are
correspondingly O(d,d) matrices (see e.g. [45]). It is thus natural in β-supergravity to talk
of a twist by β, and to consider (4.4) as a β-twisted GCY condition; for β “ 0, we recover
11For an SU(3) structure, an alternative might be to study the conditions in terms of the SU(3) torsion
classes, and compare them to the fluxes, as e.g. in [92].
19
a GCY condition. If we can make sense of it, the geometrical characterisation of M is then
this β-twisted GCY. Furthermore, in absence of RR-fluxes and with a constant warp factor
(the latter is automatic for a SUSY solution, from (2.21)), we get from (2.29) a second pure
spinor closed under D, analogously to a twisted generalized Kähler M.
Under the β-twist, the local TM ‘ T ˚M should be globally described by a generalized
cotangent bundle ET˚ , discussed in [16] (see also [21]), and given by
TM ãÑ ET˚
Ó
T ˚M
(4.5)
i.e. fibered reverse wise with respect to the standard ET . Characterising precisely M in β-
supergravity as a β-twisted GCY amounts to define properly this ET˚ . To do so, there should
be global conditions and restrictions on the way β is patched, analogously to the cocycle
conditions for the b-field and ET , as discussed in the Introduction. In addition, for the bundle
ET˚ to be physically relevant for β-supergravity, these patching transformations of β (and of
the other fields) should be symmetries of the theory. This was studied in details in [16, 17]: we
found that in general, symmetries of β-supergravity are not suited to define ET˚ ; however, by
considering restrictions or subcases, we showed that a symmetry enhancement could occur (as
assuming isometries provides T-duality to string theory), providing new symmetries allowing
to construct ET˚ . We determined in [17] a class of backgrounds where this scenario is realised.
Those admit n isometries generated by constant Killing vectors, i.e. all fields are independent
of n coordinates. In this subcase, the transformation
@m, p, q, βpq Ñ βpq `̟pq, Bm̟
pq “ 0, ̟pq “ 0 for p or q not along the n isometries (4.6)
with ̟ antisymmetric, is a (manifest) symmetry of β-supergravity, that leaves the non-
geometric fluxes invariant. It is called the β-transform, and is an element of the T-duality
group Opn, nq. Backgrounds of β-supergravity where fields are patched using β-transforms
and diffeomorphisms were shown to be globally well-defined and geometric [17]; ET˚ is then
likely to be defined without obstruction. In addition, such backgrounds were shown to corre-
spond in standard supergravity to non-geometric backgrounds, themselves T-dual to geomet-
ric ones. The latter admit by definition a standard ET description, so the ET˚ discussed here
can be viewed as an alternative and dual description of an existing ET . It is traditionally
considered that non-geometric backgrounds cannot be described by GCG and ET (see e.g.
[54, 21, 25] for obstructions), but the construction just mentioned now seems to provide a
description within Generalized Geometry, understanding this formalism in a slight extended
sense though. An important remaining question is whether there are other cases than the
one detailed above for which constructing ET˚ is possible; if so, the hope is that those other
backgrounds would provide truly new physics [17]. We sketch in appendix C.2 an argument
that concludes rather negatively on this question.
Let us finally go beyond the structures proposed so far to characterise the backgrounds,
and mention other possibilities pointed out recently in the literature. To start with, bivec-
tors enter in Poisson geometry: for instance, β defining a Poisson structure is equivalent to
a vanishing R-flux.12 This could be an interesting subcase for β-supergravity. For Poisson
structures in GCG, see references in [93]. A related object is the Schouten-Nijenhuis bracket,
12Let us make a side remark. The commutator of two q∇ on a vector V is given by the R-flux and the
analogue for q∇ of the Riemann tensor, namely qRmnpq [23, 16]. Considering the square of ιm q∇m¨ on an object
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defined with a bivector π: rπ, ¨sSN. A differential dπ acting on a vector can also be defined, as
being equal to the bracket action (see e.g. [94]). The quantity rπ, πsSN is given by the R-flux,
with π instead β: its vanishing is thus equivalent to π defining a Poisson structure. It is also
equivalent to pdπq
2 “ 0, from the Jacobi identity. For β-supergravity, one may choose π “ β,
or stay more general and consider the two bivectors separately. For instance, if M admits
a symplectic structure, it admits most of the time as well a Poisson structure (taking, when
possible, the inverse of the symplectic form to be the Poisson bivector). In that case, one
can have two bivectors: the Poisson π and the dynamical field β. This could provide more
structures: for example, one could study whether the transformation β Ñ β ` dπV , with a
vector V , is a symmetry of β-supergravity. Further structures have been indicated in the lit-
erature. Exponentials eθ_ for a bivector θ, similar to the exponential in (4.1), enter in several
mathematical contexts, in particular as β-transforms acting on forms. Dirac structures and
related algebroids, or deformations of them, have been defined from such exponentials as well
as b-transforms [95, 96, 97].13 Lie and Courant algebroid structures involving a bivector were
also introduced and studied in [98, 99, 94, 100]. There, a symmetry named β-diffeomorphism
was considered. In a different though related construction [101], a new bundle similar to our
generalized cotangent bundle ET˚ was proposed; it defines a "Poisson-generalized geometry",
where the patching is done via β-diffeomorphisms. Unfortunately, neither of these construc-
tions seems to provide a geometrical description of β-supergravity. Indeed, β-diffeomorphisms
are not a symmetry of the latter, if applied literally on β: a reason for this is that the field
redefinition giving β from the standard supergravity g and b is in [99, 94] not the same as
(2.1). Furthermore, two distinct bivectors are considered in [101], one with vanishing R-flux:
this does not apply to β-supergravity in full generality, but could be considered in a particu-
lar case, as discussed previously. One may still wonder whether ET˚ could be defined as an
algebroid, and what bracket should be associated to it. It could be worth studying at first
whether the Courant bracket (or a β-twist version of it) is preserved under β-transforms, in
presence of isometries.
4.2 On Ramond-Ramond fluxes in β-supergravity
RR fluxes Fp of standard type II supergravities often appear through the polyform F “
ř
Fp.
Forgetting about the Romans mass for simplicity, one has F “ pd´H^qC, where C is again
a polyform, given by a sum of corresponding potentials. Both F and C are known to behave
as O(d,d) spinors, see [17] for a discussion and references on this point. This is consistent
with d ´ H^ being a Dirac operator (the dilaton can be considered here constant): the
spinor C acted on with the Dirac operator gives another spinor F . Related considerations
appeared recently in [49, 51, 53]; see in particular [49] for the spinorial representation. In
β-supergravity, we have a different Dirac operator. Several candidates can then be thought
of for the, so far not obtained, RR fluxes:
• A first possibility is simply eβ_dpe´β_Cq. This would essentially result in non-geometric
NSNS fluxes contracting on standard RR potentials. These contractions may either
lead to new types of RR fluxes, or rather complete fluxes of standard supergravity. In
V pιp is then given by the R-flux and qRrmnpqs, where the latter is actually related to ∇pRmnq . Therefore, for
a Poisson β, the operator ιm q∇m¨ squares to zero on contractions, analogously to the exterior derivative d on
forms. A corresponding cohomology could then be studied. Here though, this operator rather acts on forms.
13In [96], these structures are related to D-branes. Combining that work and our results could then lead to
a calibration of SUSY branes with pure spinors, in β-supergravity.
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a supergravity theory containing both a b-field and a β, with a constraint among them,
as discussed e.g. in [16], the Dirac operator would a priori depend on all NSNS fluxes,
and applying it on C would lead to a completion of the standard RR fluxes, as in [65].
The above possibility eβ_dpe´β_Cq would then correspond to a subcase in this more
general setting.
• Another possibility is to have a different kind of potentials, given by polyvectors instead
of forms [16]. A sum of those denoted by γ could correspond to another O(d,d) spinor.
The (sum of) RR fluxes would then be given by eβ_dpe´β_γq, which would certainly
provide new types of fluxes. This proposal was sketched in [102] where the first terms
of the expressions for these new fluxes were given from deformations. In [78], β was
introduced by picking the generalized vielbein E˜ (2.2) instead of the standard E ; the RR
polyvector potentials just mentioned could appear similarly in a setting where the RR
sector is captured by the generalized vielbein, i.e. exceptional generalized geometry or
field theory. Choosing there a different generalized vielbein, or equivalently a different
group generator in the representations decomposition, instead of the standard one of
e.g. [103, 104], could provide a derivation of the RR fluxes (see also [105, 106]). The
latter could then be compared to the above expression.
RR fluxes of β-supergravity may provide an uplift to some of the known four-dimensional RR
non-geometric fluxes [63, 107, 108]. The former would then be new types of fluxes, which is
in agreement with the expressions proposed above. Reproducing four-dimensional fluxes is
however not the decisive criterion. Rather, the RR fluxes should ensure consistency of the β-
supergravity theory, as in standard supergravity. One way to make them appear consistently
would be through a field redefinition from the standard RR fields, similarly to the NSNS
sector.14 It would be interesting to get the corresponding rewriting of the action, and in
particular of the standard topological terms involving the b-field. Another way is through
supersymmetry; in particular RR fluxes are expected to contribute to the RHS of (2.29). If
they are given in terms of polyvectors through the above γ, it is yet unclear how to obtain a
polyform expression for them that would fit on the RHS of (2.29). The correct formulation
of the pure spinors conditions may then not be in terms of forms, but rather with O(d,d)
spinors and Cliff(d,d) Γ-matrices.
4.3 β-twist and intermediate or dynamical SU(2) structure solutions
When looking for solutions to the pure spinors conditions, it is convenient to distinguish the
three cases of an SU(3), orthogonal SU(2) or intermediate SU(2) structure, as discussed in
section 3.1, each of them being described by a different pair of pure spinors. Those depend on
parameters, namely the "moduli" (radii, complex structure moduli), the phase θ`, and for an
intermediate SU(2) structure the angle between the internal spinors η1,2` . There are in addition
the norms of the spinors, which are related in presence of an orientifold to the warp factor.
For simplicity, the previous parameters are often set to constants when looking for solutions.
It is however more interesting to get solutions with varying parameters. A first example are
Frey-Graña solutions [109]: those admit an SU(3) structure and allow for the phase θ` to
14In the world-sheet approach by Berkovits, named the pure spinor formalism, the standard RR fluxes enter
explicitly, and appear again as an O(d,d) spinor. Changing that spinor, or that of the RR potentials, is one
possibility mentioned above, and could correspond to a field redefinition. Note that the NSNS field redefinition
(2.1) is also straightforward on the world-sheet, since it involves precisely the combination g ` b.
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vary. More challenging are dynamical SU(2) structure solutions, for which the angle between
the internal spinors varies. They can lead to genuinely SU(3)ˆSU(3) structure solutions, that
interpolate between different structures, for instance having an intermediate SU(2) structure
at most points which becomes an SU(3) structure at some loci where the angle between the
spinors vanishes.15 SUSY Mink solutions with intermediate SU(2) structure on a compactM
have been found in [79, 113] (see also [114, 78] for clearer formulations). No SUSY solution
with such a structure is allowed on AdS4 [115, 116]. The differential conditions coming from
N “ 1 SUSY require M to have some geometric properties, and those differ for the two
SU(2) structure cases; the geometry underlying intermediate SU(2) structure solutions has
been characterised in [117]. For a Mink dynamical SU(2) structure, the SUSY conditions were
given in terms of forms in [78]. It is notoriously difficult to get such a solution on a compact
M and none have been found so far. One reason is the coordinate dependence together with
the compactness global constraint. Dynamical SU(2) structure solutions have been found
as a non-geometric background [62] (see the related footnote 3), or on non-compact spaces
[118, 119, 120, 121]; they have been further studied in [122, 123].16
In section 3.5 of [78], solutions with an intermediate SU(2) structure, denoted p=q, were
related by a β-transform to solutions with an SU(3) structure, denoted p||q. As discussed
there, provided a set of conditions on the fields, in particular bp||q “ 0, one would have
e´β_ e´φp||qΦ1,2p||q “ e
´bp=q^ e´φp=qΦ1,2p=q . (4.7)
This was shown to hold for pairs of pure spinors on a torus, as well as for those of solutions
found in [27, 113] on a nilmanifold. In both cases, the angle between the internal spinors
of the p=q solution was, on the LHS of (4.7), encoded in β. Suppose now that the angle
between the two spinors varies on the manifold. The (local) intermediate SU(2) structure is
by definition rather a dynamical SU(2) structure. If the angle is still encoded in a β through
the relation (4.7), that β is also varying.17 The latter could then be interpreted as the field
of β-supergravity, providing a new understanding of a dynamical SU(2) structure.18 Let us
reformulate this idea more precisely.
We recall that the Dirac operator of both standard and β-supergravity can be written
in terms of twists by b or β, as in (1.13) and (4.1). Consider now the exterior derivative d
applied on both sides of the relation (4.7), and set it equal to zero: the LHS corresponds to a
closed pure spinor (or say, solution) of β-supergravity, due to the β and (4.1), while the RHS
is a solution of standard supergravity, due to the b-field and (1.13). More precisely, suppose
we have an SU(3) structure solution to the pure spinors conditions of β-supergravity on a
manifold M. Assume at first its β to be constant. Then, if a relation (4.7) is established, it
15Such a situation can lead to type changing loci, discussed in [110, 111, 112, 90] and references therein; for
type change with β-transformations, see also [91].
16Analogous considerations were made in M-theory compactified to three dimensions in [124, 125]; relations
to D7 gaugino-condensation are also mentioned there. In addition, a dynamical SU(3) structure solution on a
seven-dimensional manifold in type IIA is mentioned in [126].
17The relation (4.7) was shown to hold in [119] where the RHS was a dynamical SU(2) structure solution.
The β was however constant and the dynamic was encoded in another function. More precisely, the RHS
was the Lunin-Maldacena (LM) background [127]. It is given by a (constant) β-transform, equivalent to a
combination of two T-dualities and a rotation, applied to the sphere of the standard AdS5ˆS
5 background
[118, 119, 21]. LM is the gravity dual to the so-called β-deformation of N “ 4 SYM, a marginal deformation
of the theory that reduces the number of SUSY.
18The non-abelian T-duality transformation described in [128] looks analogous to (4.7); it would be inter-
esting to compare the two, given our discussion and the result of [121].
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implies thatM can admit as well an intermediate SU(2) structure SUSY solution of standard
supergravity, because of bp=q a priori non-zero. More interestingly, if β varies (more probable
for non-zero non-geometric fluxes), one gets on the RHS a dynamical SU(2) structure solution
of standard supergravity. This would be an interesting way to generate and interpret such
solutions. However, global aspects should be further studied. Compactness is not guaranteed
in this process, global requirements on β in β-supergravity might differ from those on the angle
in the dynamical SU(2) structure. Constraints due to orientifolds in standard supergravity
should also be taken care of. It would still be interesting to study whether the dynamical
SU(2) structure solutions mentioned above, namely [62] and [118, 119, 120, 121], satisfy (4.7)
and verify this scenario. The reformulation of the last solutions in terms of β-supergravity
could then provide new holographic interpretations, since they were studied in the AdS/CFT
context.
5 Outlook
Motivations for the work done in this paper and the results obtained have been presented in
the Introduction. Various ideas and directions remain to be investigated: some have been
discussed throughout the paper, in particular in section 4, and we mention here a few more. As
described in sections 2.1 and 2.2, a first result was to deduce, from the Generalized Geometry
formalism and DFT, expressions for the fermionic SUSY variations in β-supergravity. It
would be interesting to recover them from a (fermionic) SUSY completion of the bosonic
NSNS Lagrangian at hand. A related question is whether the fermions of β-supergravity are
obtained via a field redefinition from those of standard supergravity, or rather correspond
to different states in the spinorial representations. A similar question can be asked for the
Killing spinor equations. In [129], an expression for the Q-flux, for us part of β-supergravity,
is proposed in terms of spinors of standard supergravity in a non-geometric background. A
relation between fermions of both theories would help clarifying this proposal.
An important object in this work is the Dirac operator D, that acts naturally on O(d,d)
spinors. It appears in the pure spinors conditions, but also in the superpotential, in the
RR fluxes, in the NSNS fluxes Bianchi identities (BI), and plays an important role in the
geometrical characterisation of the backgrounds. It would be interesting to determine this
operator in other theories, such as the heterotic string. For the latter, pure spinors conditions
were derived in [45], in an N “ 1 Mink vacuum. An object, that could correspond to D, was
obtained. It contains dilaton derivatives, and the H-flux with a few contractions instead of
wedges, similarly to the results of [130], and reminiscent of what we obtained here. Note that
the equation involving the H-flux can also be written in terms of ˚H, or with the operator
dc “ ipB ´ Bq. It would then be natural that the "S-dual" equation, i.e. the condition (1.4)
where RR fluxes enter with a Hodge star, could be written as well with dc. This rewriting
was obtained in [42]: it involves a generalization of dc depending on a generalized complex
structure JA
B. Reformulating this generalized operator in a Spin(d,d) language would be
interesting (it could be given by ΓAJA
BDB). This would provide to the second pure spinors
condition a fully spinorial interpretation, while the first condition was already considered as
a Dirac equation. This spinorial perspective could be helpful, for instance in dimensional
reductions.
In standard supergravity, the pure spinors conditions have been used to various ends. For
N “ 1 Mink vacua without NS5-brane, these conditions, equivalent to preserving SUSY, were
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shown to imply, together with fluxes BI, that all equations of motion are satisfied [131, 132,
27, 79]. This result is an important technical simplification when looking for vacua. It would
be interesting to derive the analogous result in β-supergravity. This is expected to hold
using Killing spinor equations instead of pure spinors conditions. Indeed, as for standard
supergravity [25, 70], the β-supergravity equations of motion were written in terms of the
Spin(9,1)ˆSpin(1,9) derivatives acting on a spinor [17], using the BI. If these derivatives
vanish, the equations of motion are satisfied; furthermore, this vanishing is precisely the
Killing spinor equations, as explained in section 2.1, hence the result. Reaching the same
conclusion from the pure spinors conditions would be interesting.19
These conditions were also used for the calibration of SUSY D-branes, and similar results
were obtained for NS5-branes (see [79] and references therein).20 Our results may then be of
interest for 522- or Q-branes, and further exotic branes. Mutually BPS intersecting NS-branes
have been considered in [58]: those could be examples to test these ideas. Our work may help
as well for the world-volume actions of NS-branes, discussed e.g. in [134, 135, 136, 137].
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A Conventions
In this paper, the ten-dimensional flat (tangent space) indices are denoted A . . . L and the
curved ones are M . . . Z. The notation is analogous when compactifying, but we use Latin
indices for the internal directions (a . . . for flat, m. . . for curved), and Greek indices for
four-dimensional ones (α . . . for flat, µ . . . for curved). Finally, the index A runs over a 2d
range for a d-dimensional space-time, and denotes the flat O(d,d) index. The formulas given
below are written with six-dimensional indices but are actually valid in any dimension.
The vielbein e˜am and its inverse e˜
n
b, associated to the metric g˜ by g˜mn “ e˜
a
m ηab e˜
b
n,
allow to go from curved to flat indices. A p-form A is given by
A “
1
p!
Am1...mpdx
m1 ^ . . . ^ dxmp “
1
p!
Aa1...ap e˜
a1 ^ . . . ^ e˜ap . (A.1)
The contraction of a vector V “ V mBm “ V
aBa on A is defined by
V _A “
1
pp ´ 1q!
V m1Am1...mpdx
m2 ^ . . . ^ dxmp . (A.2)
It is also denoted by ιa “ e˜
m
aιm, that satisfies the following commutation relations
V _A “ V aιaA , te˜
a, ιbu “ δ
a
b , tιa, ιbu “ 0 , (A.3)
while a contraction on a scalar vanishes.
The spin connection coefficient ωb
a
c and the structure constant f
a
bc (or so-called geometric
flux) are defined as
∇bpBcq ” ωb
a
cBa , ωb
a
c ” e˜
n
be˜
a
m
`
Bne˜
m
c ` e˜
p
cΓ
m
np
˘
“ e˜nbe˜
a
m∇ne˜
m
c , (A.4)
fabc “ 2e˜
a
mBrbe˜
m
cs “ ´2e˜
m
rcBbse˜
a
m , (A.5)
and the covariant derivative in flat indices on a vector V is given by
∇aV
b “ BaV
b ` ωa
b
cV
c . (A.6)
For the Levi-Civita connection, one has the relation (B.4) between ω and f . We also use the
other covariant derivative q∇ whose action on a vector V in flat indices is given by
q∇aV b “ ´βacBcV b ` qωacbV c . (A.7)
Its spin connection qωacb was denoted ωQabc in [16, 17]; it has a definition analogous to (A.4).
It is related to the Q-flux in (B.6), which is similar to (B.4). We refer to those two papers
for more on this covariant derivative q∇. Its action on forms was shown to be given by
q∇a ¨ ιa “ ´βabBb ¨ ιa ` 1
2
Qa
bc e˜a^ ιb ιc ´Qd
dc ιc , (A.8)
where the dot denotes the action only on the form coefficient in flat indices.
Finally, we consider constant matrices γa in flat indices, satisfying the Clifford algebra
and following related properties
tγa, γbu “ 2ηab , rγa, γbs “ 2γab , where γa1a2...ap ” γra1γa2 . . . γaps , (A.9)
γaγb “ ηab ` γab , γaγbc “ γabc ` 2ηarbγcs . (A.10)
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B Compactification and pure spinors conditions
B.1 Consequences of the compactification ansatz
From the compactification ansatz of the ten-dimensional fields given in section 2.2, we compute
here the various components of the fluxes; we recall they are defined as
fABC “ 2e˜
A
MBrB e˜
M
Cs , QA
BC “ BAβ
BC´2βDrBfCsAD , R
ABC “ 3e˜AM e˜
B
N e˜
C
Pβ
QrMBQβ
NP s .
We get
fαβγ “ 2e˜
α
µBrβ e˜
µ
γs , f
a
bc “ 2e˜
a
mBrbe˜
m
cs , f
α
bγ “ ´δ
α
γ BbA , f
α
βc “ δ
α
β BcA , (B.1)
faβγ “ f
a
βc “ f
a
bγ “ f
α
bc “ 0 ,
Qa
bc “ Baβ
bc ´ 2βdrbf csad , Qα
bγ “ ´δγαβ
dbBdA , Qα
βc “ δβαβ
dcBdA , (B.2)
Qα
βγ “ Qa
βγ “ Qa
βc “ Qa
bγ “ Qα
bc “ 0 ,
Rabc “ 3βdra∇dβ
bcs , any other component of RABC “ 0 . (B.3)
From those we obtain the components of the two ten-dimensional spin connections (in flat
indices)
ωA
B
C ηBD “
1
2
pηBDf
B
AC ` ηCEf
E
DA ` ηAEf
E
DCq , (B.4)
ωα
β
γ ηβδ “
1
2
pηβδf
β
αγ ` ηγǫf
ǫ
δα ` ηαǫf
ǫ
δγq , (B.5)
ωa
b
c ηbd “
1
2
pηbdf
b
ac ` ηcef
e
da ` ηaef
e
dcq ,
ωα
b
γ ηbd “ ´ηαγBdA , ωα
β
c ηβδ “ ηαδBcA ,
ωα
b
c “ ωa
β
γ “ ωa
b
γ “ ωa
β
c “ 0 ,
qωABD ηDC “ 1
2
pηCDQB
AD ` ηBDQC
DA ` ηBDηCEη
AFQF
DEq , (B.6)
qωabd ηdc “ 1
2
pηcdQb
ad ` ηbdQc
da ` ηbdηceη
afQf
deq , (B.7)
qωαbδ ηδγ “ ´δαγ ηbdβedBeA , qωαβd ηdc “ δαβ ηcdβedBeA ,qωαβγ “ qωαbc “ qωabγ “ qωaβc “ qωaβγ “ 0 .
As discussed in section 2.2, the ten-dimensional Γ-matrices satisfying the Clifford algebra
tΓA,ΓBu “ 2ηAB are decomposed as follows
ΓA “
#
Γα “ γα b 1, α “ 0, . . . , 3
Γa “ γp4q b γ
a, a “ 4, . . . , 9
. (B.8)
The six-dimensional γa and four-dimensional γα satisfy as well the Clifford algebra, and are
constant. In addition, the γa are purely imaginary and Hermitian: γa: “ γa. The chirality
operators are given by γp6q “ ´iγ
4...9 and γp4q “ iγ
0...3; they square to the identity and
anticommute with the other γ-matrices. γp6q is also Hermitian.
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Given this decomposition, we compute the following combinations
Γαβ “γαβ b 1 , Γab “ 1b γab , (B.9)
Γaβ “
1
2
´
pγp4q b γ
aqpγβ b 1q ´ pγβ b 1qpγp4q b γ
aq
¯
“ ´γβγp4q b γ
a .
Together with the above components of spin connections, this leads to the following compo-
nents of the spinorial covariant derivatives
∇A“a “ 1b∇a , q∇A“a “ 1b q∇a , (B.10)
∇A“α “ ∇α b 1`
1
2
ωα
b
γηbdΓ
dγ “ ∇α b 1`
1
2
ηαβγ
βγp4q b γ
dBdA , (B.11)
q∇A“α “ 1
2
qωαcβηβδΓδc “ 1
2
γαγp4q b γ
cηcdβ
deBeA . (B.12)
These are used in the SUSY variations in section 2.2.
B.2 Reformulation of the supersymmetry conditions with pure spinors
We introduce in section 2.3 the pure spinors Φ˘ in terms of which we want to reformulate
the SUSY conditions (2.21) - (2.23). To do so, we will use the Clifford map (2.26), and some
of its properties that we first detail here, before starting the reformulation. For a k-form Ak,
the Clifford map gives the following rules
γa {Ak “ ✭✭✭✭
✭✭✭✭pe˜a ^`ηabιbqAk , {Akγ
a “ p´1qk✭✭✭✭
✭✭✭✭pe˜a ^´ηabιbqAk , (B.13)
that come from identities on γ-matrices, such as
tγb, γa1...aku “ 2γba1...ak for k even , rγb, γa1...ak s “ 2γba1...ak for k odd . (B.14)
One subtlety in the Clifford map is due to the fact that the e˜a are real while the γa are purely
imaginary. This makes a difference when considering a complex conjugation on forms of odd
degree: one has
η1´ b η
2:
´ “ {Φ` “  
 Φ` , η
1
´ b η
2:
` “ {Φ´ “ ´  
 Φ´ , (B.15)
implying
Repµ {Φ´q “ i ✘✘✘
✘✘ImpµΦ´q . (B.16)
We now use these properties, as well as the hermitian conjugation of γ-matrices
γa: “ γa ,
´
γab
¯:
“ ´γab ,
´
γabc
¯:
“ ´γabc , (B.17)
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to compute the exterior derivative on the pure spinors (2.27). We also use the bispinor
expressions, and the SUSY conditions (2.22) and (2.23) in type IIB. We obtain
2✟✟dΦ` “tγ
a,∇a {Φ`u (B.18)
“ {∇η1` b η
2:
` ` γ
aη1` b
`
∇aη
2
`
˘:
`∇aη
1
` b η
2:
` γ
a ` η1` b
`
{∇η2`
˘:
“
ˆˆ
{q∇´ 1
4
{R´ {B
`
2A´ φ˜
˘
` {βB
`
2A` φ˜
˘
´ {T
˙
η1` ´ 2e
´Aµη1´
˙
b η2:`
`γaη1` b
ˆ
ηab q∇bη2` ` 18ηadηbeηcfRdefγbcη2`
˙:
`
ˆ
´ηab q∇bη1` ` 18ηadηbeηcfRdefγbcη1`
˙
b η2:` γ
a
`η1` b
ˆˆ
´ {q∇´ 1
4
{R´ {B
`
2A´ φ˜
˘
´ {βB
`
2A` φ˜
˘
` {T
˙
η2` ´ 2e
´Aµη2´
˙:
“ {q∇η1` b η2:` ` ηabγaη1` b ´q∇bη2`¯: ´ ηab q∇bη1` b η2:` γa ´ η1` b ´ {q∇η2`¯:
´
1
4
{Rη1` b η
2:
` `
1
4
η1` b η
2:
` {R´
1
8
ηadγ
aη1` b η
2:
` γ
bcηbeηcfR
def `
1
8
ηadηbeηcfR
defγbcη1` b η
2:
` γ
a
´t{B
`
2A´ φ˜
˘
, {Φ`u ` r{βB
`
2A` φ˜
˘
´ {T , {Φ`s ´ 4e
´A Repµ {Φ´q .
We rewrite the R-flux terms via the above rules: denoting e˜a ^˘ηabιb by e˜˘ ι, we get
´
1
4
r {R, {Φ`s ´
1
8
ηadγ
a {˜Φ`γ
bcηbeηcfR
def `
1
8
ηadηbeηcfR
defγbc {Φ`γ
a (B.19)
“´
1
8
ηadηbeηcfR
def
ˆ
1
3
`
pe˜` ιq3 ´ pe˜´ ιq3
˘
` pe˜` ιqpe˜´ ιq2 ´ pe˜` ιq2pe˜´ ιq
˙abc
Φ`
“´
1
3
RabcιaιbιcΦ` ,
where the last two lines should be overall slashed. e˜ and ι with different indices anticommute,
and the R-flux is antisymmetric, so maintaining the indices a, b, c fixed allows to commute
e˜ and ι in the second line. With notations of the Introduction and appendix A, we finally
obtain
2✟✟dΦ` “rγ
a, q∇a {Φ`s ´ t{B `2A´ φ˜˘ , {Φ`u ` r{βB `2A` φ˜˘´ {T , {Φ`s ´ 2✘✘✘✘R_ Φ` ´ 4e´A i ✘✘✘✘✘ImpµΦ´q
“2
´q∇a ¨ ιa ´ Ba `2A´ φ˜˘ e˜a ^`´βabBb `2A` φ˜˘´ T a¯ ιa ´R_¯Φ` ´ 4e´A i ImpµΦ´q ,
29
where the last line should be overall slashed. We compute similarly
2✟✟dΦ´ “rγ
a,∇a {Φ´s (B.20)
“ {∇η1` b η
2:
´ ` γ
aη1` b
`
∇aη
2
´
˘:
´∇aη
1
` b η
2:
´ γ
a ´ η1` b
`
{∇η2´
˘:
“
ˆˆ
{q∇´ 1
4
{R´ {B
`
2A´ φ˜
˘
` {βB
`
2A` φ˜
˘
´ {T
˙
η1` ´ 2e
´Aµη1´
˙
b η2:´
`γaη1` b
ˆ
ηab q∇bη2´ ` 18ηadηbeηcfRdefγbcη2´
˙:
´
ˆ
´ηab q∇bη1` ` 18ηadηbeηcfRdefγbcη1`
˙
b η2:´ γ
a
´η1` b
ˆˆ
´ {q∇´ 1
4
{R´ {B
`
2A´ φ˜
˘
´ {βB
`
2A` φ˜
˘
` {T
˙
η2´ ` 2e
´Aµη2`
˙:
“tγa, q∇a {Φ´u ´ 18 ´2t {R, {Φ´u ` ηadγa {Φ´γbcηbeηcfRdef ` ηadηbeηcfRdefγbc {Φ´γa¯
´r{B
`
2A´ φ˜
˘
, {Φ´s ` t{βB
`
2A` φ˜
˘
´ {T , {Φ´u ´ 4e
´AµRe
`
{Φ`
˘
,
and as above
´
1
8
´
2t {R, {Φ´u ` ηadγ
a {Φ´γ
bcηbeηcfR
def ` ηadηbeηcfR
defγbc {Φ´γ
a
¯
(B.21)
“´
1
8
ηadηbeηcfR
def
ˆ
1
3
`
pe˜` ιq3 ´ pe˜´ ιq3
˘
` pe˜` ιqpe˜´ ιq2 ´ pe˜` ιq2pe˜´ ιq
˙abc
Φ´
“´
1
3
RabcιaιbιcΦ´ ,
where the last two lines should be slashed, as well as the following resulting one
2dΦ´ “2
´q∇a ¨ ιa ´ Ba `2A´ φ˜˘ e˜a ^`´βabBb `2A` φ˜˘´ T a¯ ιa ´R_¯Φ´ ´ 4e´AµRe pΦ`q .
Using the Clifford map backwards, we finally get for type IIB two equations on forms
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ`¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ` “ ´2e´A i ImpµΦ´q (B.22)
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ´¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ´ “ ´2e´AµRepΦ`q . (B.23)
This calculation can be done as well in type IIA: the difference comes from the SUSY condi-
tions (2.22) and (2.23) where one has to change the chirality of η2. The above computation
can be reproduced almost identically considering dΦ` in place of dΦ´ and vice versa: this
replaces η2˘ into one another, and the type IIA SUSY conditions can then be used, leading
simply to an exchange of Φ` and Φ´ in the computation. Doing so, commutators and anti-
commutators get exchanged because of the even/odd degree change, but this goes through
without issue; in particular we get eventually the same R-flux term, since (B.19) and (B.21)
give the same resulting action on the pure spinors. The only difference in the process may
appear in the µ-terms, because of (B.15), and in the signs induced by the (anti)-commutators.
In the end, we obtain in type IIA
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ´¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ´ “ 2e´A i ImpµΦ`q (B.24)
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ`¯` e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ` “ 2e´Aµ RepΦ´q . (B.25)
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The above computation should in principle be completed by RR contributions, that we
do not have here; we would still like to obtain the result as if they were present. We thus
follow closely the analogous computation done for standard supergravity with RR fluxes in
[27] (the result is even specified there not to hold without RR), and we perform an additional
step, which in absence of RR may not look required. It involves the SUSY condition (2.21),
that has not been used so far. From that condition in type IIB, we obtain
0 “ η1´ b
`
µ η2´ ` e
A
`
{BA´ {βBA
˘
η2`
˘:˚
“ µ {Φ´ ´ e
A {Φ`
`
{BA´ {βBA
˘
(B.26)
0 “
`
µ η1´ ` e
A
`
{BA` {βBA
˘
η1`
˘˚
b η2:´ “ µ {Φ´ ´ e
A
`
{BA` {βBA
˘
{Φ` , (B.27)
from which we deduce
0 “ 2Repµ {Φ´q ´ e
At{BA, {Φ`u ´ e
Ar{βBA, {Φ`s (B.28)
ÐÑ 0 “ e´A i ImpµΦ´q ´ e
´A
´
d´ q∇a ¨ ιa¯ peAqΦ` . (B.29)
We subtract this quantity on the RHS of (B.22) and get
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ`¯`e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ` (B.30)
“ ´3e´A i ImpµΦ´q ` e
´A
´
d´ q∇a ¨ ιa¯ peAqΦ` .
In type IIA, we proceed similarly with the SUSY condition (2.21)
0 “ η1´ b
`
µ η2` ` e
A
`
{BA´ {βBA
˘
η2´
˘:˚
“ µ {Φ` ´ e
A {Φ´
`
{BA´ {βBA
˘
(B.31)
0 “
`
µ η1´ ` e
A
`
{BA` {βBA
˘
η1`
˘˚
b η2:` “ µ {Φ` ´ e
A
`
{BA` {βBA
˘
{Φ´ , (B.32)
to get
0 “ 2 i Impµ {Φ`q ´ e
Ar{BA, {Φ´s ´ e
At{βBA, {Φ´u (B.33)
ÐÑ 0 “ e´A i ImpµΦ`q ` e
´A
´
d´ q∇a ¨ ιa¯ peAqΦ´ . (B.34)
We add this quantity to the RHS of (B.24) to obtain
eφ˜
´
d´ q∇a ¨ ιa ` T _`R_¯´e´φ˜Φ´¯`e´2A ´d` q∇a ¨ ιa¯ pe2AqΦ´ (B.35)
“ 3e´A i ImpµΦ`q ` e
´A
´
d´ q∇a ¨ ιa¯ peAqΦ´ .
There is a priori no RR contribution to the other pure spinor condition, so we do not modify
(B.23) or (B.25). Our final pure spinors conditions are then given by (B.23) and (B.30) in
type IIB, and (B.25) and (B.35) in type IIA, as summarized in (2.28) and (2.29).
B.3 On the sufficiency of the pure spinors conditions
In section 2.3 and appendix B.2, we have derived the pure spinors conditions (2.28) and (2.29)
using the SUSY conditions (2.21), (2.22) and (2.23); in other words, we have shown that (2.28)
and (2.29) are necessary for the backgrounds of interest to preserve SUSY. We study here
whether these two conditions are also sufficient. Following [27], this amounts to considering a
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generic expansion of ∇aη
i
` and of further quantities appearing in (2.21), (2.22) and (2.23) on
a complete basis of six-dimensional spinors. One then checks whether the coefficients in these
expansions are determined by the pure spinors conditions to be those of the SUSY conditions.
It will turn out not to be the case, implying that the conditions (2.28) and (2.29) are not
sufficient. We argue that this is due to the absence of RR fluxes.
We start by expanding the following combinations on a complete basis of spinors tη1,2,
γaη1,2, γp6qη
1,2u. Taking chiralities into account, we get in type IIB´
γa
´
∇a ¯ ηad q∇d¯` 1
24
ηadηbeηcfR
defγabc
¯
η
1,2
` “
´
T 1,2 ` iU1,2γp6q
¯
η
1,2
´ ` V
1,2
a γ
aη
1,2
` (B.36)ˆ
∇a ˘ ηad q∇d ´ 1
8
ηadηbeηcfR
defγbc
˙
η
1,2
` “
´
P 1,2a ` iQ
1,2
a γp6q
¯
η
1,2
` ` iS
1,2
ad γ
dη
1,2
´ ,
where the coefficients V 1,2a , P
1,2
a and Q
1,2
a must be real. A more generic situation would be to
consider only ∇ on the internal spinors. However (2.28) and (2.29) impose without ambiguity
these particular combinations of ∇, q∇ and R-flux to act on the spinors, so there is actually
no restriction here. From these generic expansions, we compute the exterior derivative of the
pure spinors as in (B.18) and (B.20)
2✟✟dΦ` “tγ
a,∇a {Φ`u (B.37)
“ {∇η1` b η
2:
` ` γ
aη1` b
`
∇aη
2
`
˘:
`∇aη
1
` b η
2:
` γ
a ` η1` b
`
{∇η2`
˘:
“
ˆˆ
{q∇´ 1
4
{R` {V
1
˙
η1` `
´
T 1 ` iU1γp6q
¯
η1´
˙
b η2:`
`γaη1` b
ˆ
ηab q∇bη2` ` 18ηadηbeηcfRdefγbcη2` ` ´P 2a ` iQ2aγp6q¯ η2` ` iS2adγdη2´
˙:
`
ˆ
´ηab q∇bη1` ` 18ηadηbeηcfRdefγbcη1` ` ´P 1a ` iQ1aγp6q¯ η1` ` iS1adγdη1´
˙
b η2:` γ
a
`η1` b
ˆˆ
´ {q∇´ 1
4
{R` {V
2
˙
η2` `
´
T 2 ` iU2γp6q
¯
η2´
˙:
“rγa, q∇a {Φ`s ´ 2✘✘✘✘R_ Φ`
`γa {Φ`
´
P 2a ´ iQ
2
a
¯
´ iS2adγ
a {Φ´γ
d `
´
P 1a ` iQ
1
a
¯
{Φ`γ
a ` iS1adγ
d {Φ´γ
a
` {V
1 {Φ` ` {Φ` {V
2
`
´
T 1 ´ iU1
¯
{Φ´ ` {Φ´
´
T 2 ` iU2
¯
,
2✟✟dΦ´ “rγ
a,∇a {Φ´s (B.38)
“ {∇η1` b η
2:
´ ` γ
aη1` b
`
∇aη
2
´
˘:
´∇aη
1
` b η
2:
´ γ
a ´ η1` b
`
{∇η2´
˘:
“
ˆˆ
{q∇´ 1
4
{R` {V
1
˙
η1` `
´
T 1 ` iU1γp6q
¯
η1´
˙
b η2:´
`γaη1` b
ˆ
ηab q∇bη2´ ` 18ηadηbeηcfRdefγbcη2´ ` ´P 2a ` iQ2aγp6q¯ η2´ ` iS2adγdη2`
˙:
´
ˆ
´ηab q∇bη1` ` 18ηadηbeηcfRdefγbcη1` ` ´P 1a ` iQ1aγp6q¯ η1` ` iS1adγdη1´
˙
b η2:´ γ
a
´η1` b
ˆˆ
´ {q∇´ 1
4
{R` {V
2
˙
η2´ ´
´
T 2 ` iU2γp6q
¯
η2`
˙:
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2✟✟dΦ´ “tγ
a, q∇a {Φ´u ´ 2✘✘✘✘R_ Φ´
`γa {Φ´
´
P 2a ` iQ
2
a
¯
´ iS2adγ
a {Φ`γ
d ´
´
P 1a ` iQ
1
a
¯
{Φ´γ
a ´ iS1adγ
d {Φ`γ
a
`{V
1 {Φ´ ´ {Φ´ {V
2
`
´
T 1 ´ iU1
¯
{Φ` ` {Φ`
´
T 2 ´ iU2
¯
.
We then use the Clifford map on these equations. We first compare the result from (B.38) to
(2.28) and deduce
S1ad “ S
2
ad “ 0, Q
1
a “ Q
2
a “ 0 (B.39)
P 2a ` V
1
a “ ´Ba
`
2A´ φ˜
˘
` ηab
´
βbdBd
`
2A` φ˜
˘
´ T b
¯
P 1a ` V
2
a “ ´Ba
`
2A´ φ˜
˘
´ ηab
´
βbdBd
`
2A` φ˜
˘
´ T b
¯
T 1 ´ iU1 “ T 2 ´ iU2 “ ´2e´Aµ .
Fixing this way the coefficients reproduces (2.22) and (2.23), provided one sets P 1a “ P
2
a “ 0;
we will come back to that point. We turn to (B.37): comparing it to (2.29), taking into
account the identifications (B.39), one obtains precisely (B.29) as a constraint. The latter
should allow to reproduce the remaining SUSY condition (2.21). To verify this, we introduce
a generic expansion of the following quantity
BaAγ
aη
1,2
` “ γ
apR1,2a ` iW
1,2
a γp6qqη
1,2
` ´X
1,2η
1,2
´ , (B.40)
where R1,2a and W
1,2
a are real. Then, we consider the sum
0 “η1´ b pX
2η2´ ` BaAγ
aη2` ´ γ
apR2a ` iW
2
a γp6qqη
2
`q
:˚ (B.41)
` pX1η1´ ` BaAγ
aη1` ´ γ
apR1a ` iW
1
a γp6qqη
1
`q
˚ b η2:´
“´ t{BA, {Φ`u ` pR
2
a ` iW
2
a q {Φ`γ
a ` pR1a ´ iW
1
a qγ
a {Φ` ` {Φ´X
2 ` {Φ´X1 .
Using the Clifford map on the last equation, and comparing the result to the obtained con-
straint (B.29), we get
W 1a “W
2
a “ 0 , R
1
a “ ´R
2
a “ ´β
abBbA , X
1 “ X2 “ µe´A . (B.42)
This reproduces precisely the SUSY condition (2.21).
To conclude, the SUSY conditions (2.21), (2.22) and (2.23) are reproduced starting from
the pure spinors conditions (2.28) and (2.29) in type IIB, provided one fixes P 1a “ P
2
a “ 0.
The ambiguity or freedom in the P 1,2a is in our opinion related to the absence of RR fluxes:
those would otherwise bring more constraints. The P 1,2a could also be related to the norms
of the internal spinors, so far not needed. These norms are fixed in [27] thanks to the RR
contributions; this may explain the ambiguity we get here. We conclude that the pure spinors
conditions (2.28) and (2.29) are not sufficient, but the remaining ambiguity should be fixed
by considering the RR sector. We expect the same situation in type IIA.
C The Dirac operator and the β-twist
C.1 Rewriting of the Dirac operator
In this appendix we prove that the Dirac operator of β-supergravity (1.10) or (1.11) can
be rewritten as (1.14), also given in (4.1). As explained in the Introduction and section 4,
33
the analogy with the twist by the b-field can lead to guessing this rewriting, as being the
expression for a generalized derivative with non-geometric fluxes. For instance, β-transforms
acting in a spinorial representation as an exponential on pure spinors, as well as shifts on a
background Q-flux, are mentioned in [2]. However, this common guess has never been proven:
a first difficulty is to compute this operator (4.1) where wedges and contractions mix, another
one is the interpretation of such an operator at ten dimensions which was lacking before the
introduction of β-supergravity. Let us prove here this rewriting of the Dirac operator. To do
so, we will first compute (4.1) in curved indices and then rewrite it in flat indices to match it
with (1.11).
Contractions are anticommuting (see appendix A for conventions), but β_ contains an
even number of them and is therefore commuting with itself. Powers of it are then naturally
defined, and the exponential eβ_ is defined by the serie. Standard properties are thus satisfied,
namely eβ_e´β_ “ 1 and Bme
β_ “ eβ_Bmβ_. We deduce for a p-form A
eβ_dpe´β_Aq “ eβ_dxm ^ e´β_ p´Bmpβ_qA` BmAq . (C.1)
Using the commutation relations of a one-form and a contraction, one can further verify
@n ě 1, dxm ^ pβ_qn “ npβ_qn´1βmrιr ` pβ_q
ndxm^ (C.2)
ñ dxm ^ e´β_ “ e´β_dxm ^´e´β_βmrιr , (C.3)
from which we finally deduce
eβ_dpe´β_Aq “ dA´ pdxm ^ Bmpβ_qA` β
mrιrBmAq ` β
mrιrBmpβ_qA . (C.4)
The last term is proportional to the R-flux, thanks to the anticommuting properties of the
contractions. We now rewrite the above expression with flat indices. Using
Qc
ab “ e˜qce˜
a
me˜
b
n
´
Bqβ
mn ` 2e˜dqβ
rrmBre˜
ns
d
¯
, (C.5)
we obtain
eβ_dpe´β_Aq “ dA´ βabιbBa ¨ A´
1
2
Qa
bce˜a ^ ιbιcA`R_A (C.6)
´
1
pp ´ 1q!
βabιbe˜
m
cBape˜
a1
mqAa1...ap e˜
c ^ e˜a2 . . . e˜ap ` βdbe˜cmBdpe˜
m
aqe˜
a ^ ιbιcA ,
where the dot stands for acting only on the form coefficient in flat indices. Thanks to the
definition of fabc, of a contraction, and the commutation relations, one can show
´
1
pp´ 1q!
βabιbe˜
m
cBape˜
a1
mqAa1...ap e˜
c ^ e˜a2 . . . e˜ap (C.7)
“
1
2
βabf cabιcA` β
abe˜mcBape˜
a1
mqe˜
c ^ ιbιa1A ,
from which we deduce
eβ_dpe´β_Aq “
ˆ
d´ βabιbBa ¨ ´
1
2
Qa
bce˜a ^ ιbιc `R_`
1
2
βabf cabιc
˙
A . (C.8)
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Rescaling A, one gets further
eφ˜eβ_dpe´β_e´φ˜Aq (C.9)
“
ˆ
d´ βabιbBa ¨ ´
1
2
Qa
bce˜a ^ ιbιc `R_`
1
2
βabf cabιc ´ Baφ˜e˜
a ^`βabBaφ˜ιb
˙
A .
This can be verified to be the same as one half of the Dirac operator (1.11), recalling (2.9).
This proves (4.1).
C.2 Invariance of the Dirac operator
We described in section 4.1 a class of geometric backgrounds of β-supergravity, determined in
[17], with well-defined global aspects. We further argued that it should be possible for them
to construct ET˚ . Obtaining similar results beyond this subcase looks however unlikely, as we
now argue. Inspired by standard supergravity and the role played by b-field gauge transfor-
mations for ET , it seems a natural requirement to ask for the invariance of the Dirac operator
(4.1) when patching the fields. Let us determine accordingly the allowed transformations of
β. A transformation that admits an infinitesimal form can be written as the shift (assumed
antisymmetric)
δβpq “ ̟pq . (C.10)
In addition, we consider that it only acts on β, and not for instance on the derivatives, so we
do not include diffeomorphisms here. We use for the Dirac operator D the simple expression
in curved indices (C.4) (we neglect the dilaton that does not play a role here). For D to stay
invariant under (C.10), one should have for any form A
´ pdxm ^ Bmp̟_qA`̟
mrιrBmAq ` δ pβ
mrιrBmpβ_qqA “ 0 . (C.11)
This polyform equation should vanish degree by degree, so the last term vanishes indepen-
dently of the first two. Since this should hold for any form A, we can first consider constant
ones, implying
dxm ^ Bmp̟_qA “ 0 @A constant (C.12)
ô @m, Bmp̟
pqqιpιqA “ 0 @A constant (C.13)
ô @m, p, q, Bmp̟
pqq “ 0 . (C.14)
We deduce that for any form A
̟mrιrBmA “ 0ô @r, ̟
rmBmX “ 0 , (C.15)
where X stands for any tensor component. For example, the components of the metric can
be used into the components of some form A, so ̟rmBm should vanish on them. Conditions
(C.14) and (C.15) imply
δ pβmrιrBmpβ_qq “ 0 , (C.16)
so these two conditions are also sufficient to verify the invariance of D.
The requirement can be refined by asking the invariance of D not on any form A, but for
forms whose components are built from physical tensors and fields (e.g. the pure spinors).
In addition, asking for the presence of n isometries allows to solve the condition (C.15) by
having ̟pq possibly non-zero only along the isometries (see also [17] for a relation between
(C.15) and isometries). The transformation (C.10) then boils down to the β-transform (4.6),
bringing us back to the subcase mentioned above. Going beyond seems however difficult: for
instance, allowing for a priori any linear coordinate dependence in X implies ̟ “ 0.
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